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ABSTRACT

In this thesis we consider cooperative games with transferable utilities,
which are also called TU games. A TU game consists of a finite set of players,
and a characteristic function from the set of all possible coalitions to a set of
payments. The characteristic function describes how much a set of players
can gain by forming a coalition. The main assumption in cooperative game
theory is that the grand coalition, i.e., the set containing all involved play-
ers, will form. Thus the challenge is how to allocate the payoff of the grand
coalition to all players in a fair way. Different definitions of fairness may re-
sult in different allocation rules. We aim to characterize some well-known
allocation rules (solutions) and their generalizations in different models for
cooperative games.

In classical games, where the worth of a coalition depends solely on the
set of its members, a group of solutions satisfying efficiency, linearity and
symmetry (ELS value) is discussed. A modified potential representation is
derived for the ELS value, based on the potential approach for the Shapley
value introduced by Hart and Mas-Colell. It is proved that the ELS value can
be axiomatized by A-standardness on two-person games and the Sobolev con-
sistency with respect to a reduced game, which is derived by the previously
mentioned modified potential representation. Based on Young's characteriza-
tion for the Shapley value, we give another axiomatization to the ELS value
by using efficiency, symmetry, and a modified strong monotonicity.

If the worth of a coalition depends not only on its members (as in the classi-
cal game), but also on the order of players entering into the game, then a gen-
eralized game is formed. Different permutations of a set of fixed players may
have different payoffs, so the new characteristic function is a mapping from
the set of all possible ordered coalitions to a set of payments. The generalized
ELS value, Core, Weber Set and especially the Shapley value are discussed in
this generalized game model. It is proved that the generalized Shapley value,
introduced by Sanchez and Bergantinos, equals the expectation with respect
to a special procedure, when all the choosing processes are subjected to uni-
form distribution and the standard solution on two-person games is used.
Another characterization of the generalized Shapley value is given in terms
of associated consistency, continuity and inessential player property in the
generalized game space. Throughout the axiomatization, a matrix approach



is used to simplify the proof. Moreover, a so-called position-weighted value
is defined and discussed in the generalized game model. Unlike the general-
ized Shapley value, this new value does not satisfy the generalized symmetry,
but a stronger version of generalized symmetry. We propose one candidate
for this value, which is derived by Evans’ consistency (with respect to a dif-
ferent procedure compared with the one used for the generalized Shapley
value) together with standardness on two-person games.

To model some other real life problems, for example the car insurance
problem, a multiplicative game model is considered. The payoff to players is
treated in a multiplicative way instead of the usual additive way. In this new
setting we only focus on strictly positive games, in which every coalition has
strictly positive payoff, and specifically the payoff of the empty set is 1. The
Shapley value, ELS value and Least Square value in the classical game space
and their properties are generalized accordingly to the multiplicative game
model.



SYNOPSIS OF MAIN RESULTS OF THIS THESIS

As an own, mathematical discipline with a large number of applications,
game theory studies different situations of competition and cooperative be-
tween several involved parties. The cooperative games, as one branch of
game theory, is based on the assumption that players can form coalitions
and make binding agreements on how to distribute the profit of these coali-
tions. Cooperative game theory focuses on payoffs and coalitions, rather than
on strategies. The cooperative game theory often is interested in an axioma-
tization analysis for different values, in contrast to the equilibrium analysis
in the non-cooperative games. All topics discussed in this thesis are about
cooperative games with transferable utility, or so-called TU games, in which
the worth of a coalition can be expressed by a number. This number can
be regarded as utility, and the implicit assumption is that it makes sense to
transfer the utility among the players.

A cooperative game model contains a set of players, and a detailed descrip-
tion of what players and coalitions can attain in terms of utilities. For any
TU game, a set of vectors based on considerations of fairness, or efficiency,
whose dimension equals the number of players, is called a solution of the
TU game. If the solution contains only one vector, then this unique vector
is called a single-valued solution, or a value. The Shapley value, named in
honor of L. Shapley, who introduced it in 1953, is one of the most well-known
solution concepts in cooperative game theory. To each cooperative game it
assigns a unique distribution (among the players) of a total surplus gener-
ated by the coalition of all players. Various axiomatizations for the Shapley
value are known. The initial one given by Shapley [74] uses four properties:
efficiency, symmetry, linearity, and null player property. If the null player
property is dropped out, then as was shown by Ruiz et al. [69] there is a
unique class of values satisfying efficiency, symmetry and linearity. We call
this class of values the ELS values, and clearly the Shapley value belongs to
this class. In this thesis, we mainly studied the Shapley value, the ELS values,
and their extensions, on different game spaces.

We denote by G the classical game space, §’ the generalized game space (in
which the worth of a coalition relies on both the players in the coalition and
the orders of players entering into the game), and §* the multiplicative game

vii



space (in which only strictly positive games are considered). In the following
we explain explicitly the main results we derived in different game spaces.

RESULTS IN THE CLASSICAL GAME SPACE. In Chapter 2, all characteri-
zations deal with the ELS values (i.e., the class of values satisfying efficiency,
linearity and symmetry) on §.

The potential is a successful concept in physics. In the late eighties, this
approach turned out to be fruitful also in cooperative game theory. Hart
and Mas-Colell [31] proved that, the Shapley value on § admits a unique
potential representation. Inspired by their characterization, we modified the
potential representation, such that under two simple conditions, there is a
one to one correspondence between the ELS values and the modified poten-
tial representations:

* An ELS value on G admits a modified potential representation, if and only if
two simple conditions are satisfied. (Theorem 2.4).

For any n-person game, the Sobolev consistency means in general, that the
payoff of players in a (n — 1) subcoalition should not change, or they should
have no reason to renegotiate, if they apply the same “solution rule” in the
reduced game with the same (n — 1) players as in the original game. The “so-
lution rule” and the reduced game are correlated. Sobolev [79] proved that
the Shapley value on § satisfies Sobolev consistency with respect to a spe-
cially chosen reduced game. Using the modified potential representation, we
could find the reduced game associated with the ELS value, such that this
value satisfies the Sobolev consistency with respect to this reduced game.
Sobolev [79] used four properties, namely substitution property, covariance,
efficiency, and Sobolev consistency to axiomatize the Shapley value on §.
Later, Driessen [13] proved that if a value satisfies substitution property and
covariance, then the value is standard for two-person games. By modifying
the standardness for two-person games, together with the Sobolev consis-
tency we can axiomatize the ELS value:

e The ELS value is the unique value on G satisfying b2-standardness on two
person games and the Sobolev consistency with respect to a specific reduced
game. (Theorem 2.6).

Young [97] axiomatized the Shapley value on G by using efficiency, sym-
metry and the so-called strong monotonicity. Inspired by his approach, we
modify strong monotonicity, such that it can be used together with efficiency
and symmetry, to axiomatize the ELS values:



e The ELS value is the unique value on G satisfying efficiency, symmetry and
B-strong monotonicity. (Theorem 2.7).

In the uniqueness proof, we make use of a new basis of the game space .
The special feature of this new basis {(N,u$> | TCN,T # 0} is that, the ELS
value for player i in (N, u?) equals 1if i € T, otherwise it equals 0.

RESULTS IN THE GENERALIZED GAME SPACE. In this generalized game
space, the worth of coalitions not only depend on the players in that coali-
tion, but also on the orders of players entering into the game. Thus different
permutations of a fixed set of players may admit different worths. This game
model was introduced firstly by Nowak and Radzik [58], and then it was re-
fined by Sanchez and Bergantinos [70]. In Chapter 3 the generalized Shapley
value defined by Sanchez and Bergantinos [70] is studied.

Evans [20] introduced a procedure on G, and proved that the unique value
which is consistent with this procedure is the classical Shapley value. We
modify Evans’” procedure such that it can be used in the generalized model.
More precisely, for any generalized game, firstly, we choose one permutation
of the grand coalition; secondly, we select two subcoalitions according to
this permutation; thirdly, we choose two leaders separately from the two
subcoalitions; then the two leaders play a two-person bargaining game. The
rule is that the two-person standard solution is used in the bargaining, and
each leader gives the rest of players in his subcoalition an amount of payoff.
We prove that if all chosen processes are subjected to uniform distribution,
then the expected value of the procedure is just the generalized Shapley
value:

* The generalized Shapley value is the unique value on G’ satisfying Evans’ con-
sistency with respect to a chosen procedure and standardness on two-person
games. (Theorem 3.1 and Corollary 3.1).

It is shown by Hamiache [25] that the classical Shapley value is the unique
value on § satisfying associated consistency, continuity and inessential game
property. The proof of this axiomatization is very complicated, and later
Xu et al. [93] used a matrix approach to simplify the proof. We modify the
three properties used in the axiomatization from the classical game space to
the generalized game space, and applying an analogous matrix approach to
establish the proof:

* The generalized Shapley value is the unique value on G’ satisfying generalized
associated consistency, continuity, and generalized inessential game property.
(Theorem 3.7).



The main problem in the matrix approach is to prove that a certain matrix
is diagonalizable. According to the Diagonalization Theory, a matrix is diag-
onalizable if and only if the sum of dimensions of the distinct eigenspaces
equals the number of column vectors of this matrix, and this happens if and
only if the dimension of the eigenspace for each eigenvalue equals the al-
gebraic multiplicity of the eigenvalue. Instead of a n by n matrix for the
classical case, in the generalized game space we consider a m by m matrix
with m = Y ¢ s!(%). This makes it more difficult to find the eigenvalues,
eigenvectors and rank of that matrix.

Besides the generalized Shapley value, in Chapter 4 we also focus on other
values in the generalized game space. If the weighted marginal contribution
is used (instead of the average marginal contribution as in the generalized
Shapley value), a so-called position-weighted value (see Definition 4.1) is
derived (instead of the generalized Shapley value). We prove that:

* The position-weighted value satisfies efficiency, null player property, and a
modified symmetry (see Section 4.1.2), instead of the symmetry defined by
Sanchez and Bergantinos that is satisfied by the generalized Shapley value.

Moreover, we show that a candidate for this value can be derived by mod-
ifying another procedure given by Evans (which is different from the one
used for the generalized Shapley value): two players in the grand coalition
are randomly chosen to merge, with each ordered pair having equal probabil-
ity of being chosen, and then the two merged players have equal probability
of being chosen as representative. It is shown that

* There is a unique position-weighted value on G’ satisfying Evans’ consistency
with respect to the above chosen procedure and standardness on two-person
games. (Theorem 4.1).

We generalize the ELS value on § to the game space §':

e There is a unique value on G’ satisfying generalized efficiency, linearity and
generalized symmetry. (Theorem 4.2).

Nembua [56] proved that the ELS value can be seen as a procedure to dis-
tribute the marginal contribution of the incoming player among the latter
and the original members of a coalition. We generalize this interpretation to
the game space G’ (Theorem 4.3). The modified potential representation for
the ELS value on G’ is also generalized to G’ (Theorem 4.4) whereas Theorem
2.4 also holds on §’. Moreover, we modify the standardness on two-person
games and axiomatize the generalized ELS value together with Evans’ con-
sistency (with the first procedure mentioned in Chapter 3) (Theorem 4.5).



® The Core and Weber Set on G are generalizable to G'. (Definition 4.3 and 4.4).

Similar as in the classical game space, we prove that the generalized Core is a
subset of the generalized Weber Set (Theorem 4.6). Moreover equality holds
for generalized convex games (Theorem 4.7). The definition of generalized
convex games can be found in Definition 4.5.

RESULTS IN THE MULTIPLICATIVE GAME SPACE. In Chapter 5 we only
consider strictly positive games. In the multiplicative game space 5, the
payoffs to players are treated in a multiplicative way, instead of the usual
additive way. The following result is derived on G+:

* There is a unique value on G satisfying multiplicative efficiency, multiplica-
tivity and symmetry. (Theorem 5.1).

The multiplicative efficiency and multiplicativity are modified with respect
to the efficiency and linearity on G respectively. Thus this value can be re-
garded as a generalization of the ELS value from G to §". We call this value
the MEMS value. The interpretation given by Nembua [56] is also general-
ized to Gt (Theorem 5.2). We define the potential in a multiplicative way
and generalize the potential representation results to the game space G+
(Theorem 5.3). Moreover Theorem 2.2 holds in the new game space §+.

Myerson [52] introduced a balanced contribution property (also called fair
allocation rule) in the classical game space. Ortmann [63] generalized this
property to the multiplicative game space ™ under a new name, preserva-
tion of ratios, which can be used to axiomatize the multiplicative Shapley
value together with multiplicative efficiency. We modify the preservation
of ratios with the help of the multiplicative potential results, such that the
MEMS value satisfy this property (Lemma 5.2). This leads to an axiomati-
zation of the MEMS value by multiplicative efficiency and preservation of
generalized ratios:

® The MEMS value is the unique value on G satisfying multiplicative effi-
ciency and preservation of generalized ratios. (Theorem 5.4 and 5.5)

The relations between the multiplicative game space and the additive
game space are shown by Theorem 5.6 and 5.7. We also find that the ELS
value on § satisfies a so-called additive preservation of generalized differ-
ences (Corollary 5.1).

The multiplicative Shapley value was introduced by Ortmann [63]. We
generalize the dummy player property to G, and define a basis for the



multiplicative game space G in order to complete the uniqueness proof for
the following result:

 The multiplicative Shapley value is the unique value on G satisfying mul-
tiplicative efficiency, multiplicativity, symmetry and multiplicative dummy
player property. (Theorem 5.9).

A recursive formula for the multiplicative Shapley value is given in Theorem
5.10. The dual game is defined in the multiplicative setting, and it is proved
that in the dual game the multiplicative Shapley value behaves as in the
original game (Theorem 5.11).

Moreover we define the multiplicative excess on 7, and characterize the
Least Square value in this multiplicative game space G (Theorem 5.12).
Analogous to the analysis in Ruiz, Valenciano and Zarzuelo [68] for the Least
Square value in the classical game space, an axiomatization is given for the
multiplicative Least Square value:

 The multiplicative Least Square value is the unique value on G satisfying
multiplicative efficiency, multiplicativity, multiplicative symmetry, multipli-
able game property and the coalitional monotonicity (Theorem 5.13).

Based on the work presented in this thesis, the following publications are
being prepared or are published, respectively:

* Y. Feng and T.S.H. Driessen. A potential approach to efficient, multi-
plicative and symmetric values for TU games. In Proceedings of the 11th
Cologne-Twente Workshop on Graphs and Combinatorial Optimization (CTW
2012). Univ. der Bundeswehr Miinchen, May 29-31, 2012, Munich, Ger-
many, 2012.

* Y. Feng, T.S.H. Driessen, and G.J. Still. Consistency to the values for
games in generalized characteristic function form. In Nikolay A. Zenke-
vich. Leon A. Petrosjan, editor, Contributions to Game Theory and Manage-
ment vol. VI (GTM2o012). Graduate School of Management SPbU, 2013.

* Y. Feng, T.S.H. Driessen, and G.J. Still. A matrix approach to associated
consistency of the Shapley value for games in generalized characteris-
tic function form. Linear Algebra and its Applications, 438(11):4279-4295,
2013.

* Y. Feng, T.S.H. Driessen, and G.J. Still. The weighted-position value for
games in generalized characteristic function form. In preparation, 2013.
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INTRODUCTION

Game theory did not really exist as an independent field until John von Neu-
mann published his paper Zur Theorie der Gesellschaftsspiele * [87] in 1928.
In collaboration with Oskar Morgenstern, later in 1944, John von Neumann
published the book Theory of Games and Economic Behavior [89], which can
be regarded as the foundation of modern game theory. During this time pe-
riod, all the studies were based on the assumption that players can enforce
agreements among them about proper strategies, that is what we call coop-
erative games. In 1950, John Forbes Nash introduced the Nash equilibrium
[53], which can be regarded as a criterion for mutual consistency of strategies
of non-cooperating players. This equilibrium concept opened a new page for
the research in non-cooperative games. Besides the Nash bargaining solution
[54] introduced in 1950, the concepts of the extensive form game, repeated
game, core, and the Shapley value were developed also in the 1950s, a time
where game theory experienced a flurry of activities.

Now more than seventy years have passed, game theory is not just the-
oretical work in the discipline of mathematics, but is also a very dynamic
and expanding field with a large number of applications in economics, busi-
ness, political science, biology, computer science, philosophy, and certainly
in many other fields closely related to our common life. The most faithful
evidence that game theory influences strongly the development of our social
society can be seen with the fact that ten game-theorists? have been awarded
the Nobel Memorial Prize in Economic Sciences during the last two decades.

1.1 GAME THEORETICAL APPROACH

Game theory aims to study situations of competition and (or) cooperation
among agents in the real world, and put them into a mathematical model.
This is the initial step. The second step is to provide general mathematical

English translation was done by Mrs. Sonya Bergmann in title On the theory of Games of strategy
[88].

John Forbes Nash, Reinhard Selten and John Harsanyi became Economics Nobel Laureates in
1994; Thomas Schelling and Robert Aumann got their Nobel Prize in 2005; Leonid Hurwicz,
Eric Maskin and Roger Myerson were awarded in 2007; and in 2012, Nobel Prize was granted
to Alvin Roth and Lloyd Shapley! [1]



INTRODUCTION

techniques for analyzing situations in which two or more players make deci-
sions that will influence one another’s benefit. In order to describe the game
model in the initial step, one should point out the rules, the strategy space
of any player, potential payoffs to the players, the preferences of each player
over the set of all potential payoffs, etc. According to the rules, the game
theoretical approaches are classified into two branches: cooperative and non-
cooperative game theory. The usual distinction between these two classes
is:

In cooperative games: players can form coalitions and make binding agree-
ments on how to distribute the payoffs of these coalitions.

In non-cooperative games: players have explicit strategies and can not
make binding agreements.

This distinction is not sharp in some cases and in fact the so-called Nash
program3 is an attempt to bridge the gap between these two game theoretic
worlds.

In the following chapters, we focus on cooperative game theory. So all re-
sults are based on the main assumption that players can make binding agree-
ments. In the real world, binding agreements are prevalent in economics. In-
deed, almost every one-stage seller-buyer transactions is supported by bind-
ing contracts. Usually, an agreement or a contract is binding if its violation
entails high monetary penalties which deter the players from breaking it.

1.2 COOPERATIVE GAMES

Cooperative games are divided into two categories: games with transferable
utility (TU game) and games with nontransferable utility (NTU game). The
distinction is that the worth of a coalition on a TU game is expressed by a
single number in a TU game, and by a set in a NTU game. It is useful to
mention that, a TU game can be simply transformed to a NTU game, while
the opposite statement is not true. Aumann [3] pointed out that TU games
are used when money is available and desirable as a medium of exchange,
and if the utilities of the players are linear in money. More generally, the
single number which represents the worth of a coalition in the TU game can
be regarded as an amount of money, and the implicit assumption is that, it
makes sense to transfer this utility among the players. The following chapters
will focus on TU games.

3 See a comprehensive survey [73] on this topic.



1.2 COOPERATIVE GAMES

Definition 1.1. Formally, a cooperative game with transferable utility, or shortly,
a TU game, is an ordered pair (N,v), where N is a nonempty, finite set of players,
and v : 2N — R is a characteristic function satisfying v()) = 0.

An element i € N is called a player, and a subset S C N is called a coalition.
The associated real number v(S) is called the worth of coalition S. The size
of coalition §S is denoted by [S|, or shortly by s if no ambiguity arises. Par-
ticularly [N|, or equivalently, n denotes the size of the grand coalition N. We
denote by Gy the set of all cooperative TU games with player set N and by
§ the space of all cooperative TU games with arbitrary player sets.

Definition 1.2. Let (N, V) be a game. A subgame of (N,v) is a game (T,vT) where
TCN,T#0and vr(S) = v(S) forall S C T. The subgame (T,vy) will also be
denoted by (T,v).

In most applications of cooperative games, the players are persons or
groups of persons, for example, labor unions, towns, nations, etc. However
in some interesting game theoretic models of economic problems, the players
may not be persons. They may be objectives of an economic project, factors
of production, or some other economic variables of the situation under con-
sideration. The following two examples will illustrate such a case.

Example 1.1. (Glove Game) [67] Let N = {1,2,...,n} be divided into two dis-
joint subsets L and R. Each member of L possesses a left hand glove, and each mem-
ber of R a right hand glove. A single glove is worth nothing, a right-left pair of
gloves has value of one euro. This situation can be modeled as a TU game (N, v),
where for each S € 2N we have v(S) = min{|[LNS|,[RN S|}, and particularly
v(N) := min{|L|, |R[}.

Example 1.2. (Bankruptcy Game) [12] A person who dies, leaving nonnegative
debts d1,d>,...,dn, and estate E € R, such that

The problem is that, given the debts vector d = (dq,dy,...,dn) € R™, these debts
are mutually inconsistent in that the estate is insufficient to meet all of the debts. The
game theoretic approach to the bankruptcy problem is started in O’Neill [60], who
defined the corresponding bankruptcy game (N,ve.q) by N ={1,2,...,n}, and

VE;a(S) = max{0, E — Z d;} forall SCN,
JEN\S
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Particularly, ve,q(N) = E. So the player set N consists of the n creditors (or heirs)
and the worth of coalition S equals either zero or what is left of the estate after each
member i in the complementary coalition N \ S is paid his associated debt d;.

Definition 1.3. A game (N, v) is called monotone if v(S) < v(T) forall S C T C N,
and it is called superadditive if

v(S)+v(T) <V(SUT) forall S, TC Nand SNT = . (1.1)

When precisely one coalition, either S or T in (1.1) refers to singletons, then game v
is called weakly superadditive.

Condition (1.1) is satisfied in most of the applications of TU games. Indeed,
it may be argued that if the union of the two disjoints sets SUT is formed,
its members can decide to act as if S and T had formed separately. Doing so
they will receive at least the sum of their worth v(S) +v(T).

Definition 1.4. A game (N, V) is convex if
V(S) +v(T) <V(SUT)+v(SNT) forall S, T CN.

Clearly a convex game is superadditive. It is worth mentioning that the
Bankruptcy Game we introduced in Example 1.2 is a convex game. For any
game (N,v), any player i € N, and any coalition S C N, the marginal contri-
bution of i to S in (N,v), denoted by m? (v), is given by

s\ Jv(S)=v(S\{i) ifies;
(V) = (1.2)
v(SU{i) —v(S) ifigs.

Convexity of a game (N,v) is equivalent to miS (v) < miT (v) forall i € N,
all S € T € N\{i}. Thus a game is convex if and only if the marginal
contribution of a player to a coalition is monotonically nondecreasing with
respect to set-theoretic inclusion. If the game (N, —v) is convex, then (N, v)
is called concave. The game in the following example is a concave game.

Example 1.3. (Airport Cost Game) [66] Consider an airport with one runway.
Suppose that there are m different types of aircrafts and that ¢y, 1 < k < m, is
the cost of building a runway to accommodate an aircraft of type k. Without loss of
generality, we assume the costs are sorted in increasing order, that is, ¢ < ¢ <

. < cm. Let Ny be the set of aircraft landings of type k in a given time period,
and let N = [Jy-; Ny. Thus the players (the members of N) represent landings
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of aircrafts. The characteristic cost function of the corresponding airport cost game
(N, c), is given by c(0) = 0 and

c(S) =max{cy |1 <k<m,SNNyx #0} forall S CN.

Particularly ¢(N) = cm.

The airport cost game is an application of game theoretic analysis to the
cost allocation problem of the airport. The foregoing model has been investi-
gated by Littlechild [42], Littlechild and Owen [43] and others.

Definition 1.5. A game (N, V) is inessential if its characteristic function is additive,
that is, if v(S) = }_;cs V({i}) forany S C N, S # 0.

Clearly an inessential game is trivial from a game-theoretic point of view.
That is, if every player i € N demands at least its individual worth v({i}),
then the distribution of v(N) is uniquely determined.

Given two games (N,v), (N,w) and scalar & € R, the usual operation of
addition (N,v+w), is defined by (v+w)(S) = v(S)+w(S) for all S C N,
and scalar multiplication (N, « - v), is defined by (& -v)(S) = «-v(S) for all
SCN.

Definition 1.6. Two games (N,v) and (N, w) are strategically equivalent if there
exist x € Ry and B € RN such that

w(S) =a-v(S)+ Z Bi forall S CN. (1.3)
ie$s
We call a game (N, V) zero-normalized if v({i}) = 0 for all i € N. Note that
every game is strategically equivalent to a zero-normalized game.

1.3 SOLUTION OF GAMES

As already mentioned, the theory of games consists of two parts, a modeling
part in the initial step and a solution part in the second step. Concerning the
solution part, the resulting payoffs to the players are determined according
to certain solution concepts. Here, any solution concept is based on a specific
interpretation of the fairness of some feasible payoffs. The relevant criteria
of a fair payoff are numerous, thus various solution concepts were proposed.
In the framework of cooperative TU games, it is usually assumed that all
players who are participating in a cooperative game will work together and
form the grand coalition. And if a coalition forms, it may distribute its worth
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among its members according to the principle of transferable utility. So the
central question is how to distribute the total profit of the grand coalition
among all its players.

Let N be the player set and let R denote the set of real numbers. As usual
RN denotes the set of (column) vectors x = (x;)iecn with components x; € R.
Formally, a payoff vector x = (xi)ien € RN of a TU game (N, v) is a vector
allocating a payoff x; to player i € N. The payoff x; to player i represents
an assessment of i’s gain for participating in the game. For a payoff vector
x € RN and coalition S C N, we denote by x(S) = Y ;¢ x; the total payoff
to the members of coalition S, where x(()) = 0. The nonempty set

X*(N,v) = {x € RN [ x(N) < v(N)},

is called the set of feasible payoff vectors for the game (N, v).

Definition 1.7. A solution on G is a function f which associates with each game
(N,v) € G asubset f(N,v) of X*(N,v).

For any given game (N,V), a payoff vector x € RN is called efficient* if
equality in X*(N,v) is reached, i.e. x(N) = v(N). Efficiency is a widely used
criterion in social choice and bargaining theory. Denote by I*(N,v) the preim-
putation set which contains all the efficient payoff vectors for the game (N, v),
that is

I*(N,v) = {x € RN | x(N) = v(N)L

For a given game (N, V), a payoff vector x € RN is individually rational for the
game (N, v), if x; > v({i}) for all i € N. Individual rationality requires that ev-
ery player i gets at least his worth v({i}). Denote by I(N,v) the imputation set
for the game (N, v) which contains all individually rational preimputations,
then

I(N,v) ={x € RN | x(N) =v(N), and x; > v({i}) for all i € N}.

If the criterion of individual rationality is strengthened by assuming rational-
ity not only for single players, but for every coalition S C N, then we obtain
the following solution concept.

Definition 1.8. The core of a game (N, V), denoted by C(N,v), is defined by

C(N,v) ={x € X*(N,v) [ x(S) = v(S) forall S C N, S # 0}. (1.4)
4 It is also called Pareto optimal feasible payoff.
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Although the core is empty for some games 5°, it is still one of the most
attractive set-valued solutions, since each payoff vector in the core is a highly
stable payoff distribution. The following game, introduced by Shapley and
Shubik [78], always has a nonempty core.

Example 1.4. (Assignment Game I) Let N = SUB, S,B # (), and SNB = 0.
Each i € S is a seller who has a house which for him is worth a; (units of money).
Each j € B is a potential buyer whose reservation price for i’s house is by;. Denote
by C the S| x [B| matrix with entries (cij)ies,jep (representing the joint net profits
of the pair {i,j}) defined by:

¢ij = max{0, by; — ai}. (1.5)

Let ] and K be disjoint finite sets. An assignment from ] (] CS) to K(K C B)isa
1 —1 function « with domain dom(«) C J and image Im(«) C K. The assignment
game (N,v) with player set N = S U B is defined by

v(T) = max Z Ci,x(i) forall T CN, (1.6)
iedom(x)

where the maximum is taken over all assignments o from T NS to TN B.

In the above assignment game, a single player can get nonzero payoffs
only when the player belongs to the maximal matching. So players outside
any maximal matching get nothing. However under some circumstance, the
worth of unmatched players can be regarded as what the player owns by
himself (either the house if the player is a seller, or an amount of money if
the player is a buyer). This generalized assignment game is introduced by
Owen [65] as follows:

Example 1.5. (Assignment Game II) A generalized assignment problem is a
quintuple (S,B,C,p, q), where S and B are the sets of sellers and buyers, respec-
tively. C is the [S| x |B|-matrix with entries ci; defined by (1.5). The vector p € RS
and q € RB respectively are the reservation prices of sellers and buyers respec-

The Bondareva-Shapley theorem describes a necessary and sufficient condition for the non-
emptiness of the core for a cooperative game. The theorem was formulated independently by
Olga Bondareva [6] and Lloyd Shapley [76] in the 1960s.

When the core is empty, one may turn to find the so-called e-core (see [21] and [38]), in which
the conditions for the core are relaxed.
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tively. So the generalized assignment game (N, V) in characteristic function form
with player set N = S U B is defined by,

v(T) = max Z Cio(i) T Z pit+ Z qj ¢

icdom(x) ieTNS\dom(«x) JETNB\Im(«x)

forall T C N, where the maximum is taken over all assignments o from TN'S to
TNB.

In the generalized assignment game, the worth of an arbitrary coalition
is not only the worth of the maximum matching in the coalition (as in As-
signment game I), but also the sum of worths for single players not in the
matching (with respect to vector p and q depending on whether the player is
a seller or a buyer). These two assignment games are strategically equivalent
(see Definition 1.6), and they coincide if p = q = 0.

Owen [65] proved that, the generalized assignment game is superadditive
and it always has an nonempty core. Other well-known set-valued solution
concepts contain the stable set7:8[89], the bargaining set [4], the prekernel [47],
and the kernel [10]. It holds that the kernel is always a subset of the bargain-
ing set and, the intersection of the prekernel and the imputation set is always
a subset of the kernel. There are two main disadvantages for these set-valued
solutions. Firstly although the prekernel and the bargaining set always exist,
the other set-valued solutions can be empty. Secondly when they are not
empty, it is commonly difficult to choose one from the whole set, since dif-
ferent players may have different preferences. Therefore we are interested in
solution concepts which assign to every game exactly one allocation. Such
single-valued solutions are called values.

Definition 1.9. A value ¢ on Gy is a mapping which assigns to every TU game
(N, v) exactly one (feasible) payoff vector $(N,v) € RN.

Among all values, the Shapley value [74], the prenucleolus® [79], the nucleo-
lus'© [72], and the t-value [82, 12] are the best known. The following chapters
mainly focus on characterizing the single-valued solution concepts.

7 The stable set is also known as the von Neumann-Morgenstern solution [89]. A stable set may
or may not exist [44], and if it exists, it is typically not unique [46].
8 The core is contained in any stable set, and if the core is stable it is the unique stable set [12].
9 The prenucleolus is always in the prekernel.
10 If the core is non-empty, the nucleolus is in the core. The nucleolus is always in the kernel, and
since the kernel is contained in the bargaining set, it is always in the bargaining set [12].
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1.3.1 Properties of solutions

Let ¢ be a value on G . We mention some commonly used properties (which
can also be regarded as criteria of fairness) when characterizing values. Value
¢ is said to satisfy

() efficiency, if 3 ;o ®i(N,v) =v(N) for all v € Gn;
(ii) individual rationality, if d;(N,v) > v({i}) for alli € N, all v € Gy;;
(iii) additivity, if (N, v) + (N, w) = $(N,v+w) for all v, w € G;

(iv) linearity™,if $(N,a-v+b-w)=a-d(N,v)+b-d(N,w) forall a,b € R,
all v,w € G;

(v) anonymity, if ¢, (1)(N,7v) = ¢i(N,v) foralli € N, allv € Gy, and every
permutation 7 on N. The game (N, 7tv) is given by (7v)(S) = v(mr1(8))
forall SCN;

(vi) symmetry™?, if ¢;i(N,v) = ¢;(N,v) for all symmetric players i and j in
game v € Gn. Players i and j are called symmetric players in (N,v) if
none of them is more desirable, or equivalently, v(SU{i}) = v(SU{j})
for all S C N\ {i,j};

(vil) dummy player property, if ¢i(N,v) = v({i}) for all dummy players i in
game v € Gy. Player i € N is called a dummy player in (N,v) if v(SU
{i}) =v(S) +v({i}) for all S C N\ {i};

(viii) null player property™3, if ¢1(N,v) = 0 for all null players iin gamev € Gy.
Player i € N is called a null player in (N,v) if v(SU{i}) = v(S) for all
S CN\{i}

(ix) inessential game property, if ¢1(N,v) = v({i}) for all i € N, all inessential
games v € Gy (see Definition 1.5);

(x) covariance™,if (N, x-v+p) = - d(N,v)+p forallve Gn,all x € Ry,
and all B € RN. Here the game (N, «- v + ) is defined by (1.3);

(xi) continuity, if for every point-wise convergent sequence of games
{(N,vi)}¥_, the limit of which is the game (N, V), the corresponding
sequence of values {¢(N, vy )}°_, converges to the value ¢(N,V);

11 Clearly linearity is stronger than additivity.

12 This property is a weaker version of anonymity.

13 This property is a weaker version of the dummy player property.
14 This property is also called strategic equivalence.
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(xii) monotonicity, if ¢i(N,v) > 0 for all i € N, and all monotonic games
v € Gn (see Definition 1.3);

(xiii) coalitional monotonicity, if di(N,v) = ¢1(N,w) foralli e S, allv,w € Gy
such that v(S) > w(S) for some S C N, and v(T) = w(T) forall T C N,
T#S;

(xiv) strong monotonicity, if ¢1(N,v) > ¢i(N,w) for alli € N, all v,w € Gy
such that miS (v) > miS (w) for all S C N. Here, miS is defined by (1.2);

(xv) consistency, if di(T,v}) = di(N,v) forallie T,all TC N, allv € §n.
Here the definition of the reduced game (T,v}) depends on value ¢.

1.3.2 The Shapley value

The Shapley value 5 ° is, among all the single-valued solution concepts, the
most well-known and attracting one. It was introduced and characterized
by Shapley [74] in view of efficiency, additivity, symmetry and null player
property. The familiar formula for the Shapley value Sh(N,v) on RN for a
game v € Gy is:

Shi(N,v) = Y pl-(v(SU{i}) —v(S)) forallie N, (1.7)
SCN\{i}

where pg = sl(n—s—1)!/n! for all 0 < s < n— 1. Shapley value means,
each player should be paid according to how valuable his cooperation is for
the other players. If for each S C N\ {i}, py is seen as the probability that
player i joins the coalition S and the marginal contribution v(S U{i}) —v(S) is
paid to player i for joining the coalition S, then the Shapley value Shi(N,v)
for player 1, as given in (1.7), is simply the expected payoff to player i in the
game (N, v).

Without going into details, we mention here that, in the uniqueness proof
for the Shapley value given by Shapley [74], the following basis for the game

See Moretti and Patrone [49] for applications of the Shapley value, in which quite diversified
fields are considered.

See Monderer and Samet [48] for a comprehensive overview of variations on the Shapley value,
including the family of probabilistic values and a subdivision of quasivalues and semivalues.
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space G is used: With every coalition T C N, there is associated its unanimity
game (N, ut) defined by

1 ifTCS;
ur(S) = forall S C N. (1.8)

0 otherwise.

For any player i € N, it holds Shy(N,ut) =1/tifi € T, and Shy(N,ut) =0
if i € T. Note that any game (N,v) on § can be represented as a linear
combination of the unanimity games (N,ut), TC N, T # 0, by

v=) cr(v)-ur,
TCN,
TA0
where c1(v) is the so-called dividend with respect to v and the coalition T,
T C N. The dividend ct(v), T C N, of a game (N, v), as defined by Harsanyi
[28, 29], is of the form:

ct(v) = Z (=) ".v(R) forall T C N. (1.9)
RCT

In the following chapters, we will always use ct instead of c1(v) for conve-
nience, if no ambiguity occurs.

Axiomatic characterizations of the Shapley value on §n which do not in-
clude the additivity property can be found in Young [97], who characterized
the Shapley value on §n by means of the efficiency, symmetry and strong
monotonicity. Moreover, Hart and Mas-Colell [31] proved that a value ¢ on
Gn is the Shapley value if and only if ¢ satisfies efficiency, symmetry and
consistency with respect to the reduced game (T, v$ ) for all T C N, defined
by:

vE(S) =v(SUN\T))— > ¢:i(SU(N\T),v) forallSCT.
iEN\T

Besides the consistency approach, in the same paper, Hart and Mas-Colell
[31] gave another characterization for the Shapley value by means of a po-
tential function. They call function P : § — R a potential, if for every game
(N,v) € G, P(0,v) =0and

> DiP(N,v) =v(N),

ieN

11
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where D;P(N,v) = P(N,v) —P(N\{i},v). Thus P is a potential if the gradient
DP(N,v) = (D{P(N,V));cn is always efficient. It is proved that, DP(N,v) =
Sh(N,v) foralli € N, all v € G holds for the potential P, which is uniquely
determined by

P(N,V) = Y piqv(S).

SCN

There are many other characterizations for the Shapley value in the literature
besides those approaches we mentioned here. For further discussions and
applications of the Shapley value see [91].

1.3.3 The Weber Set

For any game (N, v), denote by TI™ the set of all permutations 7t : N — N
on the player set N. Given a permutation 7t € TTV, then 7t assigns to every
player i € N a rank number 7t(i). Denote by 7t* the set of predecessors of i
according to 7, i.e., it ={j € N|n(j) < (i)}. Then the marginal contribution
vector m”™(v) € RN of a game (N, v) with respect to the permutation 7t € TT™
is defined by

mZ(v) = v(nt) —v(nt \ {i}) forallie N.

Let {rr | m € TIN} be the set of probability distributions, where 1 > 0
for all m € TIN, and 2 nernn Tx = 1. The random order value ¢"(N,v) €
RN of a game (N,v) is defined as the convex combination of the marginal
contribution vectors with respect to a probability distribution, that is,

dI(N,v) = Z Te-ml forallie N.
el

Weber [90] proved that, the random order value can be axiomatized by lin-
earity, efficiency, null player property and monotonicity. In particular, the
Shapley value equals the average of the marginal contribution vectors over
all permutations, i.e., for any (N, v),

Shi{(N,v) = nl Z mi(v) forallic N.
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Weber [90] defined the Weber Set W(v) of a game (N, v) as the collection of
all random order values, which can also be regarded as the convex hull of
all marginal contribution vectors as follows:

W(v) = Conv{m™ | e TTNL (1.10)

The Weber Set is always nonempty. Moreover, Derks [11] proved the follow-
ing relation for the Weber Set and the Core (see definition 1.8):

C(v) CW(v) for any game (N,v). (1.11)

Shapley [77] and Ichiishi [33] proved that, the equality holds in (1.11) if and
only if game (N, v) is convex (see Definition 1.4).

1.3.4 The Least Square value

Consider a game (N,v) € G, and let x € RN be an efficient payoff vec-
tor. Then the excess of S with respect to x in the game (N, v) is defined by
e(S,x) == v(S) —x(S). Note that the negative (positive) excess e(S,x) can be
regarded as a measure of the (dis)satisfaction by coalition S if payoff vector
x was suggested as the final payoff. The greater e(S, x), the more ill-treated
S would feel.

In order to select an efficient payoff vector for which the resulting excess
is closest to the average excess under the least square criterion, Ruiz, Va-
lenciano and Zarzuelo [68] defined the least square prenucleolus, denoted by
LSv*, which is the solution of the following optimization problem for any
game (N, v):

min Z (e(S,x)—é(v,x))z s.t. in:v(N).

SCN ieN

Here é(v,x) = ngN e(S,x)/(2™ —1) is the average excess at x. The least
square prenucleoclus LSv*(N, V) is given by the formula (see [68]):

" v(N 1 .
LSvi(N,v) = (n ! oz | 2 (=8 v(S)— D sv(S) | forallieN.

Later Ruiz, Valenciano and Zarzuelo [69] extended this value, by consider-
ing the same optimization problem but allowing different weights for coali-

13
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tions S with different sizes. Let m™ = (m{")7_; be a collection of nonnegative
weights only indexed by the size of coalitions. The optimal solution of the
following optimization problem

min Zm?(e(S,x) e(v,x))? st le—v

SCN ieN

is called the least square value with respect to the collection m™. Denote by
LS™ the least square value. Then the formula for LS™ of game (N, v) is

N 1
LS{“(N,V)ZV( )+— E (mn—s)miv(S E smpv(S) | forallie N,
n no
SGN, SCN,
$5i SHi
where 0 = Y 777 (777)mP. Ruiz, Valenciano and Zarzuelo [69] proved

that the least square value is the unique value satisfying linearity, efficiency,
symmetry, inessential game property and coalitional monotonicity. Particu-
larly the Shapley value belongs to the the class of least square values (let
mg=(s—NIn—s—1)!/nlforall1 <s<n—-1).

1.3.5 The ELS value

The ELS value here means the class of values on Gy satisfying efficiency,
linearity and symmetry. Since additivity can be deduced from linearity, and
since additivity and linearity are equivalent for continuous values, the Shap-
ley value clearly belongs to this class of values. The least square value is also
a special case of the ELS value. The ELS value was firstly characterized by
Ruiz, Valenciano and Zarzuelo [69] in the following way: A value ® on Gy
satisfies efficiency, linearity and symmetry if and only if there exists numbers
ps € R(s=1,2,...,n—1) such that for any v € Gy,

N S S
D;(N,v) = v(N) + Z Ps - vB) _ Z Ps - V) forallie N. (1.12)
n ey s i n—s
RET 1
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This characterization of the ELS value is based on the following basis for the
games space Gn: With every coalition T C N, there is associated its unity
game (N, er) defined by

1 fT=S;
er(S) = for all S C N.

0 otherwise,

Clearly any game (N,v) can be represented as a linear combination of the
unity games (N, et), T C N, T # (), in the following way:

Driessen [17, 15] gave the following characterization for the ELS value:
A value @ on Gy satisfies efficiency, linearity and symmetry if and only if
there exists a (unique) collection of constants B = {by* | n € IN\{0,1},s =
1,2,...,n} with b]} = 1 such that, for every n-person game (N,v) with at
least two players,

Oi(N,v)= >  pi-(bl,;-v(SU{L)—bY -v(S)) forallie N. (1.13)
SCNA\{i}

In fact it can be verified by straightforward computations, that the expression
on the right hand side of (1.13) agrees with the one on the right hand side of
(1.12) by letting b = (s!(n—s)!/n!)-ps forall s € {1,2,...,n—1}. Whenever
bl =1forall s €{1,2,...,n}, the expression on the right hand side of (1.13)
reduces to the Shapley value payoff (1.7) of player i in the n-person game
(N, v) itself.

In the following, we list some commonly used values (besides the Shapley
value) that belongs to the class of ELS values. For each value, the collection
of real numbers b} for all 1 < s < n will also be given.

Example 1.6. The so-called Solidarity value [59] Sol(N,v) of a game (N,v) is
defined by:

Soly(N,v) = ) pi, -%Z(v(S) —v(S\§}) forallieN.  (1.14)

SCN, jes
Soi

The Solidarity value is derived by using an average marginal contribution, instead of
the individual marginal contribution as in the Shapley value. Sometimes, it happens

15
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that the Solidarity value belongs to the core of a game while the Shapley value does
not. One can rewrite the formula of the Solidarity value (1.14) in the following way:

Sol;(N,v Jr Z i:{l} Z ps

SCN\{l} SCN\{i}

—_

Then the corresponding collection of scaling constants B ={by' |1 <s <n,n > 2}
in (1.13) is given by by =1/(s+1) forall 1 <s <n—1and by = 1.

The equal surplus solution, also called the CIS-value, is introduced by
Driessen and Funaki [16] in the following way:

Example 1.7. The CIS-value CIS(N,v) of any game (N, V) is defined by:

CIS{(N,v) =v({i}) + % (V(N) - Z v({j})) forallie N.

JEN

It is easy to prove the efficiency, linearity and symmetry of the CIS-value. Moreover,
we obtain the CIS-value if in (1.13) we choose bl =n—1, bt = Tand b = 0 for
all2 <s<n—1.

Consider the dual game (N,v*) of game (N,v), which is the game that
assigns to each coalition S C N the worth that is lost by the grand coalition
N if coalition S leaves N, i.e.,

v (S) =v(N)—v(N\S) forall S C N.

Example 1.8. The egalitarian non-separable contribution value [50], also called the
ENSC-value, assigns to every game (N, V) the CIS-value of its dual game, i.e.,

ENSC;(N,v) = CIS;(N,v*)

= v(N) V(N (i} + (v(N) - Y N -vN \{j}))) :

JEN

forall i € N. Thus the ENSC-value assigns to every player in a game its marginal
contribution to the grand coalition and distributes the reminder equally among the
players. Compared with (1.13), we derive b} _; =n—1, by = Tand by = 0 for
all 1 <'s <n—2 for the ENSC-value.

The class of equal surplus sharing solutions consisting of all convex com-
binations of the CIS-value, the ENSC-value, and the equal division solution
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(each player receives equally a fraction of the worth of the grand coalition)
is discussed in van den Brink and Funaki [84]. It is easy to see that the class
of equal surplus sharing solutions is a subclass of the ELS values.

Joosten [34] introduced a class of solutions that are obtained as convex
combinations of the Shapley value of the form (1.7) and the equal division
solution:

Example 1.9. For every o € [0,1], the a-egalitarian Shapley value ¢*(N,v) of a
game (N, v) is defined by:

v(N)
n

G (N,v) = ot- Shi(N,v) + (1 —«) - forallie N. (1.15)
This value is regarded as a trade off between marginalism and egalitarianism. Clearly
the «-egalitarian Shapley value satisfies efficiency, linearity and symmetry, and the
corresponding collection of scaling constants in (1.13) is given by by = « for all
1<s<n—Tand by =1.

Instead of the equal division solution, the so-called generalized consensus
value [36] is defined as the convex combination of the Shapley value and the
CIS-value. Hence this class of values also belongs to the class of ELS values.
Malawski [45] introduced a so-called procedural value, which is determined
by an underlying procedure of sharing marginal contributions to coalitions
formed by players joining in random order. The restriction is that, players
can only share their marginal contributions with their predecessors in the
ordering. The set of all resulting values is proved to satisfy the efficiency,
linearity and symmetry.

Nembua and Andjiga [57] analyzed the ELS value and its relation with
the Shapley value as well as other well-known values. Recently Nembua [56]
gave another interpretation for the ELS value. For any non-empty coalition
SCN,allie S and any fixed v € G, Nembua defined a so-called quantity
as follows:

1—0(s) .

A% (s)y = a(s)- (w(S) —v(S\ {i}) +

> w(S)=v(S\{ih),

jeS\{i}

if s > 1; and A?(S)(S) = 0(s) - v({i}) if s = 1. Then it is proved that a value

® on Gy satisfies the efficiency, linearity and symmetry if and only if there

exists a (unique) collection of constants 0(s)7_; with 8(1) = 1 such that,
o;(Nv) =Y pi - AN(S) forallie N. (1.16)

SCN,
$oi

17
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In other words, the ELS value can be seen as a procedure to distribute the
marginal contribution of the incoming player i among this player and the
original members of a coalition S.

Nembua [56] mentioned an interesting observation that could be made
from (1.16) concerning the null player axiom. A player i € N is considered as
a 0-A null player in the game (N, v) if for any coalition S > 1, it holds A? () =
0. A value ¢ on G satisfies the 8-A null player property if ¢;i(N,v) =0
whenever 1 is a 6-A null player in the game (N,v). Clearly if 6(s) = 1 for
all T < s < n, we obtain the null player property of the Shapley value,
and if 8(s) = 1/s for all 1 < s < n, we obtain the null player property of
the Solidarity value. In fact, after some simple calculations we can derive a
relationship between the 8 and b sequences: 0(s) = bl ; forall 2 < s < n.

1.4 OUTLINE OF THE THESIS

In this introductory chapter, the background of game theory and basic def-
initions in cooperative game theory are given. All work we will do in the
following chapters concern the cooperative game with transferable utility,
also called TU game. Chapter 2 focuses on the class of values satisfying effi-
ciency, linearity and symmetry in the classical game space. We call this class
of values the ELS value. In Chapter 3 and Chapter 4, instead of the classi-
cal game space, we consider a generalized game space. The feature of the
generalized model is that, the order of players entering into the game affects
the worth of coalitions. We characterize the generalized Shapley value, the
so-called weighted-position value, the generalized ELS value, the general-
ized Core and the generalized Weber Set separately, in the generalized game
space. Chapter 5 focuses on strictly positive games, such that the payoffs
to players are treated in a multiplicative way, instead of the usual additive
way. In this multiplicative model, the MEMS value, that is the class of values
satisfying multiplicative efficiency, multiplicativity and symmetry is studied.
We also give characterizations for the multiplicative Shapley value, and the
multiplicative Least Square value. Conclusions are given in Chapter 6.
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ABSTRACT - This chapter treats a special class of values satisfying ef-
ficiency, linearity and symmetry, in the classical game space. We call this
class of values ELS wvalues. The well-known Shapley value as well as the
Solidarity value, belong to the ELS values. We characterize the ELS value
by means of a potential approach, and then axiomatize this value using two
different groups of properties. The first contains Sobolev consistency and A-
standardness on two-person games, and the second group contains modified
strong monotonicity, efficiency and symmetry.

2.1 MODIFIED POTENTIAL REPRESENTATION

The potential approach is a successful tool in physics. Daniel Bernoulli (1738)
was the first to introduce the idea that a conservative force can be derived by
a potential in Hydrodynamics. An illustrative example is the gravitational
vector field, which represents the gravitational force acting on a particle. It
is a function of its position in the space, i.e. f = f(¥) = f(x,y,z). The work
W done by moving a particle continuously from position A to B through
the path o is the integral of f(¥) on o, i.e, W = [_f(¥)dF. The gravitational
field is conservative in the sense that it is path independent. But a field is
conservative if there exists a continuous differentiable (potential) function P,
such that W =— [ - VPdAT, or equivalently —VP(¥) = f(¥). There exist several
characterizations of a conservative vector field. Surprisingly, the successful
concept of the potential in physics was carried over to cooperative game
theory in the late eighties.

Concerning TU games, Hart and Mas-Colell [31] were the first to define
the potential in cooperative game theory, such that the marginal contribution
of all players according to the potential function is efficient. Thus, the poten-
tial answers one important question in the field of cooperative game theory:
how to allocate payoffs among all players, by a both feasible and efficient
function (a player gets exactly his marginal contribution to the grand coali-
tion). Dubey, Neyman and Weber [19] showed that the semivalues, which
do not satisfy efficiency, also can be obtained by an associated potential.

19
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Driessen and Radzik [17] proved that the ELS value (see Section 1.3.5 for
detail) admits a pseudo-potential representation. Ortmann [61] clarified sev-
eral analogies between the potential concepts in the cooperative game theory
(without the efficiency constraint) and physics. In addition, Calvo and Santos
[9] found that, any value that admits a potential representation is equivalent
to the Shapley value in a modified game.

2.1.1 Motivation

Let us note that different from physics, in the game theory concept of a po-
tential, we can define the gradient in different ways. So in what follows, the
definition of the potential P depends on the definition of the gradient D;P.
However since we deal with ELS values in this section, we always assume
that the gradient is efficient:

Z D;P(N,v) =v(N) forallveg.

ieN
By defining the gradient by D;P(N,v) = P(N,v) — P(N\ {i},v), it appears
that the potential defined by

P(N,v) = Z Pe_1-v(S), (2.1)
SCN

becomes just the potential of the Shapley value, i.e., Shi(N,v) = D;P(N,v)
for all i € N. The next theorem states that the definition of the gradient as in
Section 1.3.2 together with the efficiency condition uniquely determines this
potential function of the Shapley value.

Theorem 2.1. [31] There exist a unique potential function P : § — R, such that
for every game (N,v), the resulting payoff vector (DiP(N,Vv))ien coincides with
the Shapley value of the game. Moreover, the potential P(N,v) of any game (N, v) is
uniquely determined by the relation ) ;. DiP(N,v) = v(N) applied only to the
game and its subgames (i.e., to (S,v) for all S C N).

In view of this theorem, if we wish to relate another value different from
the Shapley value to a potential, we have to modify the gradient. Consider



2.1 MODIFIED POTENTIAL REPRESENTATION

for example the egalitarian non-separable contribution value [50], denoted
by ENSC, which is defined by: for any v € Gy,

ENSCi(N,v) =v(N) = v(N\{i}) + % (V(N) — > (v(N)—v(N \{j}))) ,

JEN

for all i € N. How should the gradient be defined in order to obtain a
potential associated with the ENSC value? If we simply let Q(N,v) = v(N),
then for any i € N,

ENSCH(N,v) = S Q(N,v) ~ QIN\ (v + = 3~ QIN\[jh vl

jEN

So for the ENSC value, one can define a special gradient D;Q(N,v) equal
to the right hand side of the above equation. In this way both D;Q(N,v) =
ENSCi(N,v) forallie Nand } ;cn DiQ(N,v) =v(N) hold simultaneously.
Then the natural question arises whether for any efficient value, it is possible
to find an appropriate gradient and potential, such that the gradient is effi-
cient and equals the selected value? In the following sections we will focus
on this problem, with respect to a special class of values—the ELS value.

2.1.2 Potential and the modified gradient

In order to define the gradient and potential, we use three items to describe
a player’s gain from participating in a game (N, v). (To distinguish from the
potential function P defined by Hart and Mas-Colell [31], we will use Q to
denote the new potential.) For any game (N, v), firstly player i € N receives
some share of the solution Q(N,v) for participating in the game; secondly
players different from i will contribute some efforts to the game according to
Q(N,v), so we remove what other players would gain. In this way we take
—Q(N\ {i},v) as well as the average sum —ZjeN Q(N\ {j},v)/n into con-
sideration, and distinguish each part by taking into account different shares,
assuming symmetry with respect to the size of the player set. By choos-
ing weights for these three parts given by three sequences of real numbers
o = (o )keN, B = (Bi)ken, ¥ = (Yk)keN, we define:

21
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Definition 2.1. A function Q : § — R is called a potential function (associated
with any three sequences «, 3,y of real numbers), if Q(0,v) = 0 and for any game
(N, v),

> DiQ(N,v) =v(N). (22)
ieN
The i-th component D;Q : § — R of the modified gradient DQ = (D;Q)ieN is
given by

DiQ(N,v) = anQ(N,v) = BaQIN\ (i v) = 22 3" QNAGilv).  (23)

JEN

For 1-person games, the efficiency condition (2.2) would reduce to
a1Q(N,v) = v(N). In order to achieve Q(N,v) = v(N) in 1-person games,
we must have oy = 1. In addition, we assume oy # 0 for all k > 2 to
make sure that the fraction of the potential Q(N,v) for any n-person game
(N,v) does not vanish. Moreover in the degenerated case 3, = 0, the mod-
ified gradient D;Q(N, V) is the same for all i € N, and imposing the effi-
ciency property (2.2), we would obtain the egalitarianism rule defined by
D;iQ(N,v) =v(N)/n for all i € N. Hence in the following sections we tacitly
assume f3n, # 0.

Definition 2.2. A value ¢ on Gy is said to have a modified potential representation,
if there exist three sequences « = (& )xeN, B = (Bx)keN, Y = (Yx)ken of real
numbers satisfying &1 =1 and &y # 0 for all k > 2, as well as a potential function
Q : § — R such that with the gradient (2.3) it holds, ¢i(N,v) = D;Q(N,v) for all
veGn,allieN.

Theorem 2.2. If a value ¢ on G has a modified potential representation of form
(2.3) (associated with three sequences o, 3,7y of real numbers), then

(i) the corresponding potential function Q : § — IR satisfies the recursive formula

v(N) + Bn +vYn Z Q(N\{}L,v) forallve SN, n > 2.

n-on n-on fen

QN,v) =

(2.4)

The potential function Q : § — R satisfying this recursive relationship is
given explicitly by

QINv) = > plyalv(S) forallve Sy, (25)
SCN
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where qfy = 1/an, and

m—s—1)!

= w forall1<s<n-—1; (2.6)

qe = H Brevie forall1<s<n-—1. (2.7)
0(5 k=s+1 &k

(ii) the underlying value ¢ on SN is (uniquely) determined as follows
bi(N,v) = D> plqr V(S udid
SN (28)
—Bn ) PYqy 'v(S) forallve Gy, alli€ N,

SCN\{i}

In the proof of Theorem 2.2, the following relationship will be used: for all

1<s<n—1,
at = q¢-an- (Bn+vn) as well as (2.9)
48 = dgp1°4ds (Bs+1+vs+1), (2.10)

which follows from basic calculus
Proof of Theorem 2.2. By the definition of the modified gradient (2.3), together

with the efficiency constraint (2.2), we have
3 DiQ(N,v) =nenQ(N,v) = (Bn +vn) )_ QIN\ V)
JEN

ieN
Hence (2.4) holds. Next we check, by substitution, that (2.5) fulfills (2.4)

—1

S amNG@v=Y > p
jEN JEN SCN\(j}
_Z n—s)peqd V(s Z“ pr1qlv(S).
SCN SGN

Since (n —
2 1]qu1 1\’(5)

From this, together with (2.9) we obtain
(Bn+vn) Y QIN\{GLv)= ) n-pl qlanv(s),
SCN

JEN
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and so,

VIN)+ (Brn+vn) Y QIN\{LV) = D n-pi1qlanv(S) =n-anQ(N,v).

jeN SCN

Thus (2.4) also holds. By substitution of the potential Q of the form (2.5) into
the modified potential representation (2.3), we obtain for all v € § and all
i € N, the following:

(DiQ)(N,v) = xn Q(N,v) — Bn Q(N \ {i},v) Z Q(N\{ji}v)

T eN

 Yn
=Q&n Z ps 1qs Z p? ]1q;1 ! - Z nps ]qn 1V(S)-

SCN sgN\{l} "N

We now simplify the sum of the first and the third terms in the latter equality:

o Y PEaiv(s) = 3 mpl g Tv(s)

SCN SCN
V(N)
= +(XTLZp;L]qs Yans ]qn 1V (S)
SCN SCN
V(N)
=——+(Bn+vn) )_Pr gy V(S)—vn D> Prql v(S)
SGN SGN
S B 3PS,
SCN

The second equality is due to gy = 1/, and (2.9). If we distinguish between
the cases whether coalition S, S & N, containing player i or not, then

Brn Y Praql v(S)=Bn| > + > |t iat'v(S)

SCN SCN,  SCN,
Soi SFi

no > PrVSU) B D PR gl v(S).
SCN\{I} SCN\{i}

Hence we have

Y g

SCNA\{i}

(DiQ)J(N,v) =



2.1 MODIFIED POTENTIAL REPRESENTATION

+Bn Y PRl VSU{N+Bn Y PRal'v(S)

SSN\{i} SCN\{i}
v(N)
== +Bn > PRl vSULEN—Bn ) pTqR(S).
SCN\{i} sgN\{l}

The last equality is due to the relationship py~; —pt ; =pg forall 1 <s <
n —1. So (2.8) holds. This completes the proof of Theorem 2.2. O

We next discuss the potential defined by Joosten [34, 35], and compare it
with our results.

Definition 2.3. [34, 35] Let a,b € RN, « € R satisfying > ics ai # 0 forall
non-empty S C N. Then the (a,b, o)-potential is the unique map P“** : G — R
given by P4Y((,v) =0, and

> D& EP(N,v) = v(N),
ieN

where the (a,b, x)-gradient DV *P = (D?’b'“P)ieN is defined by

D&MPYP(N,v) = a;PP¥(N,v) — by PP (N {i},v)

(2.11)

v(N)
n 7

forall (N,v) € Gwithn > 2.

The value p%®* on §G satisfying PP x(N,v) = DYP*P(N,v) for all
(N,v) € Gis called the linear-potential value. It is proved by Joosten [34] that
the weighted Shapley value [74, 37], the a-egalitarian Shapley values [34, 86],
the discounted Shapley values [34, 96] and the x-egalitarian weighted Shap-
ley values [35], all belongs to the class of linear-potential values.

Compare the (a, b, x)-gradient of the form (2.11) with our gradient of the
form (2.3). For a given game, not only the way to define the gradient (i.e.,
the two formulas) are different. The main difference is that: the sequences
«, 3,7 in (2.3) are not with respect to players as (a, b) in (2.11), but according
to the cardinality of the player set. In this way, the gradient of the form (2.3)
can only be used to characterize symmetric values (see Section 1.3.1 (vi)),
while the (a,b, x)-gradient of the form (2.11) can be used to characterize
both symmetric or asymmetric values®.

1 Asymmetric value means the value do not satisfy symmetry.
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2.1.3 Modified potential representation for the ELS value

Recall the ELS value introduced in Section 1.3.5. For further discussions, we
use the formula given by Driessen and Radzik [17] in the following way:

Theorem 2.3. [17, 15] A value @ on Gy satisfies the efficiency, linearity and sym-
metry if and only if there exists a (unique) collection of constants, B = {by* [n €
IN\{0,1},s = 1,2,...,n} with b = 1, such that, for every game (N,v) with
n>=2,

D;(N,v) = Z pe - (by 1 -v(SU{i}) — by -v(S)) forallie N. (2.12)
SCN\{i}

By interpreting formula (2.8) as a special case of the formula (2.12), namely
with byt = 3, - q?_] forall T<s<n—1and q = 1/an, we conclude that
any value which has a modified potential representation belongs to the class
of values satisfying efficiency, linearity and symmetry (ELS). Whether or not
such an ELS value admits a modified potential representation turns out to
depend on two simple, but important conditions concerning the correspond-

ing collection of real numbers b, n > 2,1 <s < n.

Theorem 2.4. An ELS value @ on GN has a modified potential representation
of the form (2.3) if and only if the corresponding collection of real numbers by,
n > 2,1 <s < nin(2.12), satisfies the following two conditions:

(C1) If b} =0, thenalso bl =0forall 1 <t <s;
(C2) If b | # 0, then the quotient by /by , is independent of n.

In case (C1) and (C2) hold for the value @ of the form (2.12), the potential represen-
tation of @ of the form (2.3) is based on any three sequences & = (ay)keN, P =

(B)xeN,Y = (Yi)keN of real numbers satisfying x1 =1, oy # 0 for all k > 2,
as well as

le
Ber1 =bSTT g and yei1=as- (bns —bi’q)‘ (2.13)
s+1
Proof. First we show necessity. Recall the relevant system of equations by =
Bn-ql " forall 1< s <n—1and q} = 1/« (see Theorem 2.2). Firstly by

(2.10), it is clear that, if ¢ =0, then also qf* =0 for all 1 <t <'s. Thus, (C1)
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holds. Secondly, to prove (C2), we observe that the quotient by’ /bl ;| turns
out to be independent of n since by (2.10)

b? _q? ! _ Ks—1
Tty Bt

provided by ; # 0.

Suppose the value @ is fixed (so the sequence by is fixed forall 1 < s < n),
our next goal is to compute the three sequences «, 3 and y corresponding
to the modified potential representation for value @ as far as possible. We
derive o, B and y sequences based on the relation b} = B,,q1~! for all

1<s<nwhereq“1

is deﬁned by (2.7). The feasible choice s = n —
1 requires bY ; = PBn - q or equivalently, 3 = bl}_; - an_1. That is,
Bsir1 =bSt! . forall s > 1.

From the validity of the obvious relationship (2.10), or equivalently, o -
qs = (Bs+1 +vst1) - Q?H/ it follows that q& = (Bs41 +Vs+1)- q?+1/065-
Switching from n ton — 1 yields q1 " = (Bs 1 +Vsi1)- q;‘;ﬂ /s and so, by
multiplying with 3 on both sides, we arrive at the equation by = (fs11 +
Ys41) - by, 1/xs. Due to the substitution Bs1 = bst! . o, we derive the

equation

b™ g b

bl -
s Ysil bt or equivalently y¢, 1 = o - —bstT).
s+1 s+1

Now we show sufficiency. We aim to check whether the given proposals
are solutions of the relevant system of equations bl* = B, - q**~'. From (2.13)
we derive the following:

v n
. + lod b
Ys+1+Bs41 = s - 5>— or equivalently Yst1 ¥ Bst1 % 05
bs+1 Ks+1 Ks41 bs—H

Thus by (2.7),

o H f’k ‘H/k Ks by
=3 .

k=s+1 n—1 bg_]
Hence, by applying again (2.13),
B gl =bRog oo gl =0y
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In the setting of the Shapley value of the form (1.7), we obtain the follow-
ing: bl =1, g1 =&, Ysr1 =0, gy =1/an forall 1 < s <n—1, and so,
any potential representation is of the form

Shi(N,v) = anQ(N,v) — ot 1 Q(N\{i},v) forallie N,

where the potential is

QN = 3 plywis).

X
™ SCN

Here the sequence o« = (ay)keN can be chosen arbitrarily under the con-
dition 1 = 1 and oy # O for all k > 2. The simplest choice o, = 1
for all n > 1 yields the potential representation given by Hart and Mas-
Colell [31], that is, Sh{(N,v) = P(N,v) — P(N\{i},v) for all i € N, where
P(N,v) = ZSQN po_v(S).

Remind the Solidarity value of the form (1.14), which also belongs to the
class of ELS values. According to (2.13), it holds by} = 1/(s+1), Bsy1 =
as/(s+1), Ys41 = a for all 1 < s < n—1. Hence the Solidarity value
admits a modified potential representation as follows:

Kn—1 Xn—1

Soli(N,v) = an Q(N,v) — Q(N\{i},v) —

n n

> QIN\{Lv),

JEN

for all i € N, and the potential is

QN,v) = n+1 Z . v(S) .

1
on N S+

Here the sequence o« = (o )kenN can also be chosen arbitrarily under the
condition o7 = 1 and o # 0 for all k > 2.

2.2 CONSISTENCY AND THE ELS VALUE

In this section we will axiomatize the ELS value by two properties: Sobolev
consistency and A-standardness on two-person games.
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2.2.1 Motivation

To introduce the concept of consistency, we first look at the following exam-
ple:

Example 2.1. [67] Consider a three-person game ({1,2,3},v) given in the following
table, the dividends (see formula (1.9)) of coalitions and the potential (see formula
(2.1)) of subgames are given in lines 3 and 4 of this table, respectively. It follows
that,

S 0 {1y & 3 (1,23 (1,3} {23} {1,2,3)
viS) |0 1 2 3 5 6 9 15

cs 0 1 2 3 2 2 4 1
P(S,v) | 0 1 2 3 4 5 7 1013

Sh({1,2,3},v) = (Shi({1,2,3},v), Sha({1,2,3},v), Sh3({1,2,3},v))
= (D1P({1,2,3},v),D2P({1,2,3},v), D3P({1, 2,3}, v))

1 1 1 1T _1 1
= (103—7,103—5,103—4) = (33,53,63> ;

Sh({1,2},v) = (Sha ({1, 2},v), Sha ({1, 2},v)) = (4 = 2,4 = 1) = (2,3);
Sh({2,3},v) = (Sh2({2,3},v), Sh3({2,3},v)) = (7—3,7—2) = (4,5).

),
)

Suppose that all players in this game agree on using the Shapley value, and con-
sider one possible coalition {1,3}. Player 1 and 3 will have 3% + 6% = 9% if they
pool their Shapley value payoffs together. Another way to obtain this amount is to
take the worth of the grand coalition, 15, and to subtract player 2’s payoff, 5%.

Consider {1} as a subcoalition of {1, 3}. Player 1 could form a coalition with player
2 and obtain the worth 5, but he would have to pay player 2 according to the Shapley
value of the game ({1,2},v), which is the vector (2,3). So player 1 is left with
5—3 = 2. Similarly, player 3 could form a coalition with player 2 and obtain
v({2,3}) = 9 minus the Shapley value payoff for player 2 in the game ({2,3},v),
which is 4. So player 3 is left with 9 —4 = 5.

Thus a reduced game ({1,3},V) has been constructed with v({1}) =2, v({3}) =5,
and v({1,3}) = 9%. The Shapley value of this game is (3%,6%). Note that these
payoffs are equal to the Shapley value payoffs in the original game. This is not a
coincidence. The particular way of constructing a reduced game as illustrated here
leaves the Shapley value invariant.
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For any game (N,v), a subset of players, say T C N, consider the game
arising among the players in T. The consistency means, in general, the payoff
of players in T should not change or they should have no reason to renego-
tiate, if they apply the same “solution rule” in the reduced game (T,V) as
in the original game (N, v). There are many different ways to define the re-
duced game, since different solutions are consistent with respect to different
reduced games?®. In this chapter we focus on the reduced game defined by
Sobolev [79]. This reduced game has also been studied by Driessen [13, 14],
and recently by Xu et al. [95].

Definition 2.4. [79] Given any game (N,v) with n > 2, any player i € N, and
payoff vector x € RN, the corresponding reduced game (N \ {i},v¥, ) with respect
to x is as follows:

8 n—1-—s

VER(S) = o WS U —x) +

-v(S) forall S C N\ {i}.
(2.14)

Note that the worth of any non-empty coalition in the above reduced game
is obtained by a convex combination of the worth of the coalition in the
original game, and the original worth of the coalition together with the single
player minus the payoff x; to the single player 1 for his participation.

Definition 2.5. A value ¢ on §G is said to possess the Sobolev consistency, if the
following condition is satisfied: for any game (N,v), and any player i € N,

¢;5(N \{i},va‘)) = ¢;(N,v)  forallj € N\ {i}, where x = $(N,v).

Sobolev [79] showed that the Shapley value satisfies Sobolev consistency
with respect to the reduced game (2.14). Further, van den Brink et al. [86]
found the «-egalitarian Shapley value defined by Joosten [34] (see (1.15))
also satisfy the Sobolev consistency with respect to the reduced game of the
form (2.14). We will prove, in the next subsection, that the ELS value of the
form (2.12) also satisfies Sobolev consistency, but with respect to another
reduced game.

2 Most of the results can be found in the survey papers [13], [47] and [81].
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2.2.2  Modified reduced game with respect to the ELS value

Remind that, if the two conditions (C1) and (C2) in Theorem 2.4 are satisfied,
by (2.13) the ELS value ® of the form (2.12) admits the following modified
potential representation: for all v € Gy,

®;(N,v) = an Q(N,v) —atn—1b7 1 QIN\{j}, V)
an,1b2

- WA(] —by) Z Q(N\{l},v) foralljeN,
leN

where the sequence & = (ay)ker satisfy a1 = 1 and oy # 0 for all k > 2.
Here (see (2.5)),

1
—o D Peibiv(S) forallv e Gy
n

T SCN

Q(N/V) =

In order to simplify the calculation, we assume that the coefficient bf in
the formula (2.12) is separable, i.e., by = pn -vg forall 1 < s < n,n > 2,
which means that b} results from a product of two independent sequences
1= (Hx)ken and v = (vi)kenN, with p related to n and v related to s, respec-
tively. For example, consider the Solidarity value of the form (1.14). Then it
holds uyy =T forall T <k <n,vi =1/(T+%k) forall 1 <k <n-—1and
vn = 1. In this way we can simplify the modified potential representation
for the ELS value as well as the potential function as follows:

Qj(N,v) = anQ(N,v) — &n 1 un V-1 QN \ {j}, v)

Sl gy Y QN Y forallj e N, (215)
Wn leN

with
1

AnVn

Q(N,v) = Z Pe_1VsV(S). (2.16)

SCN

Now we use such a modified potential representation to derive the reduced
game (different from (2.14)) with respect to the ELS value. Later we will get
rid of the “separable” restriction in the reduced game.

Fix game (N,v) and a player i € N, we now use the following steps to
derive a reduced game (N \ {i},vy), to allow @;(N,v) = ®;(N, vy, ) for all
j e N\ {i}.
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Step 1: Substituting (2.16) into (2.15). Since

Q(N\{j}) = Z P 1\/5\) S) foralljeN,and
1 Vnt o )
1 _
D QNI = ) (n—s)pivev(s),
leN Xn—1Vn—1 SCN

after the substitution we have

®j(N,v) = D> pEVOS) Fun D Pl vev(S). (217)

SCN\{j} SCN

Step 2: Focus on the second and third terms in the latter equality. Fix a player i € N
and rewrite the summation over coalition S in view of containing or not containing
player i. Then

noD PRV =ua | Y+ ) | PR vev(s)

sgN \{j} SEN\G) sg;\%\i{j},

=tn Y PR Verv(SUiN +un Y P vev(S)
SCN\{i,j} SCN\{i,j}

Un Vs41 S . Un m—s—1
ST N m( S _vsufiy+ S v(S)),
SCN{ij} Hn—1 Vs n—1 Hn—1 n—1

and

Hn Z Pe_1VsV(S) = tn Z + Z Pe_1VsV(S)

SGN SGN,  SGN,
S5i SF

Z PetnVs1V(SU{D) + Z ps 1HnVsV(S)

SCN\{i} SCNA\{i}
Bn Vsi1 s . Bn N—s
i 3 it (T Sys U ¢ B R
SCN\{‘L} Hn—1 s Hn—1

1 )
+ munvn_w(N \{i}).

Step 3: Split the first item in the latter equality into two summations. Since

S5 S as well as n—s_n—s—1+ S
n n—-1 nnh-1) n n-—1 nn—-1)’
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it holds,

. Z pr 1\/5( Hn Vs41 S W(SULN + Hn n_sv(S))

SCN\{l} Hn—1 Vs M Un—1 T

v S . n—s—1
“Mn1 Y P 1Vs( tn Sy (SUi) + tn n_]v(S)>
SCN\{1} Hn—1 s Hn—1

D P (Ver1v(SU) —vsv(S)).

SGN\{i}

Step 4: Compare the second term in the latter equality with the ELS value of the
form (2.12), provided by = unvs for all 1 < s < n. Clearly

D Pl (vev(SULD —vev(S))
SSN\(i}
1

= ((Di(N/V) -
n—1

v(N)

1 .
+ v NG,
Hence finally we have

oy YoM\

+ HUn—1 ( Z P?jvsv’&)(s) - Z p?fvsv?p(s)) ’

SCN\{i} SCNA{Lj}
(2.18)

if we denote v, (N \ {i}) :==v(N) —x; and for all § ; N\ {i},

U n—s—1 1 S

v(S) +

Hno1 n—1 Hn—1Vvsn—1

(HnVs1v(SU{i}) —x4).

(2.19)

Step 5: Compare (2.18) to (2.17), then (2.18) is just the formula of the ELS value for
player j in the (n — 1)-person reduced game (N \ {i},vy,). Therefore we have for
fixedie N,

®;(N,v) = ®;(N\{i},vg) forallje N\{i}.

Now we have derived the reduced game with respect to the ELS value of
the form (2.12), provided b = py - v is separable. Based on (2.19), we will
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prove if the separable condition is discarded, a reduced game with respect
to the ELS value of the form (2.12) also exists.

Theorem 2.5. The ELS value of the form (2.12) with b # 0 forall 1 < s < n,
satisfies the Sobolev consistency (see Definition 2.5), with respect to the followzng
reduced game: for any game (N,v), and any fixed player i € N

N ELIE ifS =N\ {i);

v =

" e B elv(S) + 2y (b2, WS UG —x)] #FS G N\
(2.20)

That is, for any game (N,v) and a fixed player i € N, when x = ®(N,v), it holds
O;(N\{i},v§) = @;(N,v) forallj € N\{i}.

Proof. Fix i € N. According to (2.12), the ELS value of player j € N\ {i} in
the reduced game (N \ {i},vy,) is

OjN\[LvE) = > pI T (BRVE(SUE) — b V().

SCENA{Lj}

Substituting (2.20) into the latter equality, then

. V(N) —x;
@j(N\ (i) vp) = NN
-2 no1(s+1) x4 -2 no18"X{
_Z s )Ps ﬁ—i—z s JPs n (2.21)
s=0 s=0
_ s+1 ..
) pETRN L, v(SUGLN - Y PR Tl (S U
SSN\(ij} SCN\{ij}
n—s—2 ) _ n—s—1
+ ) P 1bs+1ﬁv(su{]})— D Py —v(s).
SCN\{i,j} SCNA\{i,j}

It is easy to derive the coefficient of x; in (2.21), which is —1/(n—1), and

xi =0i(N,v)= >  pR(by,v(SU{i}) — bFv(S))

SCNA\{i}
= > pra(bTv(SU{L,i) — bl v(SUG))

SCNA{Lj}

+ ) PR, S UD — bIv(S)).

SCNA{Lj}
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Substituting the latter equality for x; back into (2.21) we get

] . s+1 1
O;(N\(ihvp) = 3 bEov(SUiih- (TL_]P? - n_]P?ﬂ)

SCNA\{i,j}
) n—-s—2 __ 1
+ Z - b2+1V(SU{]})' (Tl_]‘P;l ! + ]szr])
SCNA\{i,j}
. S 1
- Z by v(SU{i)) - (,n_]Pn ! —|—1p?)
SCN\{i,j}
n—s—1 .4 1
-3 s (e - )
SCN\{i,j}
= > pr (b v(SUGH —bIV(S)) = @;(N,v).
SCN\{j}

O

Until here we have talked about the (n — 1)-person reduced game (N \
{i}, vip) for all (N,v), and any fixed player i € N, associated to the ELS value
of the form (2.12). Now we consider a game with one more player deleted,
i.e., the (n —2)-person reduced game (N\ {i,j}, (v )N\{iri}>/ for all (N,v), all
1,j € N, i #j. We can achieve such a reduced game by either deleting player
j from the (n — 1)-person reduced game (N \ {i},vy,), or deleting player i
from the (n —1)-person reduced game (N \ {j}, vy, ). We now show that, both
approaches will yield the same result, which means, the reduced game is
independent of the order of players deleted from the original game.

Fix i,j € N, i # j. Consider the (n — 2)-person reduced game (N \
{i,j, v )N\(ij)), derived by deleting player j from the reduced game
(N\{i}, vy )- According to (2.20),

b ln—s—2 bl s . 1 $
(V’&a)N\ﬁ,j}ZbZTzﬁV’&n(S) bZ‘ _ZV’é(SU{J})—wfzﬁxi'

Using again (2.20), this equality is changed to

1
Vo InGiy = —b?ﬁﬁ(xj +x1)
b2 s(s+1) VS UL + by (n—s—U(n—s—Z)v(S)

b2 1)n—2)
bl s(h—s—2)
2 mo1n-2)

b2 (n—T)(n-2)

(V(SU{i}) +v(SU{j}).
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By a similar statement, the latter equality can also be derived by deleting
player i from the (n — 1)-person reduced game (N \ {j},v},). The case that
deleting more that two players can be derived accordingly.

2.2.3 Axiomatization to the ELS value by consistency

To axiomatize the Shapley value on Gy, Sobolev [79] used four properties,
namely the substitution property, covariance, efficiency, and Sobolev consis-
tency with respect to the reduced game (2.14). Further in 1991, Driessen [13]
proved that if a value satisfies the substitution property and covariance, then
the value is standard for two-person games. According to Hart and Mas-
Colell [31], a value ¢ on Gy is called standard for two-person games if for all
games ({i,j},v) with i # j, it holds

dr ({1 v) = v({k}) + % VL) —v{i) —v({jh] forke{ij},  (222)

ie., the “surplus” v({i,j}) — v({i}) = v({j}) is equally divided among the two
players. The Shapley value clearly satisfies this property. Later, this property
has been modified, by Yanovskaya and Driessen [96], in such a way that a
coefficient A is added. More precisely,

Definition 2.6. [96] A value ¢ on G is said to be A-standard for two-person
games (where A € R) if, for all two-person games ({i,j},v), it holds

dr{L i v) =A-v({k}) + % VLD =A-v({iD —A-v({jH] for k € {i,j}
(2.23)

So, the A-standardness of a value with respect to two-person games means
that the value allocates the “surplus” v({i,j}) —A - v({i}) — A - v({j}) equally to
the two players i and j after assigning each player k, k € {i,j}, his “weighted
individual worth” A - v({k}). Joosten [34] proved that the x-egalitarian Shap-
ley value of the form (1.15) is a-standard for two-person games. Further, van
den Brink et al. [86] axiomatized the x-egalitarian Shapley value using the
a-standardness for two-person games and Sobolev consistency. It is easy to
see that the ELS value of the form (2.12) satisfies b%—standardness. In the fol-
lowing we will characterize the ELS value by means of this b3-standardness

property.
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Theorem 2.6. The ELS value of the form (2.12) is the unique value on SN satisfy-
ing b2-standardness and the Sobolev consistency with respect to the reduced game

(2.20).

Proof. We already have seen that the ELS value @ satisfies these two prop-

erties. Now we show the uniqueness part. Suppose there is another value
on Gy also satisfying these two properties, we then prove (N, v) = ®(N,v)
by induction on n. When n = 2, the equality holds according to the b3-

standardness property. Suppose the equality holds for m, 2 < m < n—1,
and consider the case n. Fix i € N. Let x = ®(N,v) and y = {(N, v), then by
(2.20), for any S € N\ {i} it holds

b n—s—1 o s 1 8
X (S) = s - 2 V(S s+1 S s
V(D( ) b15171 n—1 \)( )+b37]n71v( U{l}) b?71n71xl/ (22)
PO L WAL TSR I S
e e B ¢ - Tn—1" Y T Y

The difference then becomes

1

S

vy (S) —v}l’)( ) = Fﬁ(yi_xi) for any S C N\ {i}.
Since
OjINV(@vp) = Y i [ol V(S UL ~bY vg(S)]  and,

SCNA{Lj}

by (N {i),v)) =

SCNA{L,j}

by substituting (2.24) we have

D5 (N\{i},vep) — 5 (N\{i}, vy)

> e el vy s UG —br v s)],

1
= ﬁ(yi —Xi)-

So, for any j € N\ {i}, by consistency and the induction hypothesis it holds

1 1
=P (N\{i}v}) + ﬁ(yi —xi) = Q;(N\{i},vyp) + ﬁ(yi —X4)

1
=Qj(NV) + —=(yi —xi) =x; +

— (Yi —xi),

n—1
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which gives
Xj —Yj; = ——(y; —xj) forallj € N\{i}.

Since n > 3 we have x; = y;. O

Since the o-egalitarian Shapley value belongs to the class of ELS val-
ues, this axiomatization generalizes the result that, the o-egalitarian Shap-
ley value is the unique value on § satisfying x-standardness on two-person
games and Sobolev consistency (see [86]).

2.3 B-STRONG MONOTONICITY AND THE ELS VALUE

We already mentioned in Section 1.3.2 that, Young [97] presented an axiom-
atization for the Shapley value using strong monotonicity (see Section 1.3.1,
property (xiv)), together with efficiency and symmetry. Inspired by his ap-
proach, we will explore in the following, a way to modify the strong mono-
tonicity, to allow an axiomatization for the ELS value by using the modified
strong monotonicity. The uniqueness proof will proceed under a new basis
associated with the ELS value, which we will study in the next subsection.

2.3.1  New basis associated with the ELS value

Remind the unanimity game introduced in Chapter 1: for any T C N, the
unanimity game (N, uy) is defined by ut(S) =1if T C S, and uy(S) =0
otherwise, for all S C N. The collection of unanimity games {ut | T C N, T #
(0} constitutes a basis of the game space Gy, since for any v € Gy,

v= Y crur with cr=) (=1)"Tv(R).

TCN, RCT

T0 =
For the Shapley value, it holds Shi(N,uy) =1/tifi € T, and Shy(N,uy) =0
ifi ¢ T. For any T C N, consider now a slightly changed unanimity game
(N,u?h), given by u%h = t-ur. Then the collection {u%h | TCN,T # (0} is
also a basis of Gy, since any v € Gy is given by

, 1
V= Z ShuSh with §h = T

TCN,
T#0
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Moreover for fixed T C N, we have Shi(N,u%h) = 1ifi € T, and
Shi(N,u$") = 0 if i ¢ T. Having in mind that the Shapley value of player i
in the game (N, u3") is either 1 or 0, depending on i € T or not, we define
in the following, a basis of Gy associated with the ELS value, and later we
will show that in the new game, the ELS value is also either 1 or 0.

Definition 2.7. A basis of the space SN associated with the ELS value of the form
(2.12) is given by the collection {(N,u®) | T C N, T = (0}, defined by

/o fTCS;
ulT’(S) = /b5 fTC forall S C N, (2.25)

0 otherwise,

where {b | 1 <'s < n}isasequence of nonzero numbers satisfying by =1 (as in

(2.12)).

When by =1 for all 1 < s < n, which yields the Shapley value, the above
game coincides with uTh. We now show that {<N,uT> | T CN,T # (0} is
indeed a basis of Gy.

Lemma 2.1. For any game (N,v) on G, it holds

1
b.b b t—
v = E cTut with T=1 E (=) Tbiv(R). (2.26)

Moreover, the ELS value ® of the form (2.12) satisfies ®;(N,ul) = 1ifi € T, and
O;(N,ub)=0ifigT.

Proof. According to (2.25) and (2.26), it holds for any S C N,

Z C$u$ bn Zt CT bn Z Z ) "brv(R)

TCN, S TCS, 5 TCS, RCT
T#0 T#0 T#0

nZZ trbn )

S RCS, TCS,
RAQ) TDOR

iy L PR Y (i_l)wt—f

RCS,
RZD

Z bIV(R)(1—1)5"" = v(S).

5 RCS,
RZ0
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Now we check the ELS value for the game (N,u?), TCN.FixTCN,T#0.
If i ¢ T, the condition T C SU/{i} is equivalent to T C §, thus by (2.12),
d)i(N,u-?) =0.Ifi €T, clearly u?(S) =0 forall S C N\{i}, thus

O;(N,ul) =t Z pe=t i (s—t+1) “—(]n)snzl (ti1)—1.

SCN\{i}, — t
SOT\{i}

The last equality uses the following combinatorial identity:
n—1 s n
E ( )() forall1 <t<n.
t—1 t
s=t—1

Clearly the equation above holds for n = 1. Suppose it holds for n =k —1,
k > 2, then for n =k,

PR o i Y (o B G B e BT}

t—1

By the linearity of the ELS value, for any game (N, v),

®;(N Z cTuT Z ch) = Z C%)-, (2.27)

TCN, TCN, TCN,
T#0 TAD Toi

for all i € N. This result will be used later, in the uniqueness proof of the
axiomatization.

2.3.2  B-strong monotonicity and axiomatization to the ELS value

The strong monotonicity property introduced by Young [97] (see Section
1.3.1, property (xiv)), is modified in the following way:

Definition 2.8. Given a sequence B ={by | 1 <'s < n}of real numbers satisfying
br = 1. Avalue & on Gy is said to satisfy the B-strong monotonicity if for any pair
of games (N,v), (N,w) and i € N such that mBS (v) > mBS (w) forall S C N, it
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holds that ¢1(N,v) = &1(N,w). Here, the B-marginal contribution is defined by:
forall (N,v), all S CN,

bI(S) — b v(S\{i}) ifi€S;
™, V(S U{i}) —bIv(S) ifi¢S.

The difference of the B-strong monotonicity compared to the original one,
lies in the definition of the marginal contribution. It is easy to verify that the
ELS value of the form (2.12) satisfies the B-strong monotonicity. The proof
of the following result follows Young'’s proof for the Shapley value (see [97]
for detail).

Theorem 2.7. The ELS value of the form (2.12) is the unique value on G satisfying
efficiency, symmetry and B-strong monotonicity.

Proof. Clearly the ELS value satisfies efficiency, symmetry and B-strong
monotonicity. Now we show the uniqueness part. Suppose there is an an-
other value \ on G satisfying these three properties. Note that by the B-
strong monotonicity, for any pair of games (N,v), (N,w) and i€ N,

m?’s (v) = mib,s (w) forall S C Nimplies VP;i(N,v) =1Vi(N,w). (2.28)

For any game (N,v), in view of the relation (2.26), it holds ;(N,v) =
> Ten, c$1bi(N,u¥) for all i € N. Define I to be the minimum number of
TA0

non-zero terms c? in the expression for v of the form (2.26), the proof pro-
ceeds by induction on L.
If I =0, it holds

v(S) =) chuf(S)=0 forallSCN.
TCN

Thus mES (v) =0, and by (2.28), P;(N,v) =0 for all i € N. Since ®(N,v) =0
for all zero games (N, v), it follows P(N,v) = ®(N,v) if I = 0.

If I = 1, there exists T C N such that ¢ # 0 and v = cPul. If i ¢ T,
mPs(uf) = 0 for all S € N, and thus mPs(v) = 0 for all S C N. Then
(2.28) gives Pi(N,v) = 0 = ®y(N,v) for alli ¢ T. If i,j € T, i # j, since

m{’ls(u% = mss (ulT’), by symmetry we have wi(N,u% = d)j(N,ulTj). By
efficiency,

D bilNup) =up(N)=t.

ieT
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Hence tbi(N,u$) =1= CDi(N,U#) for all i € T. Therefore V(N,v) = ®(N,v)
whenever [ is 0 or 1.

Assume (N, v) is the ELS value when index is at most I. Let v have index
[+ 1 such that

I+1
v= Z clT’ku$k where all c—t}k # 0.
k=1

LetT = ﬂij] Ty. If i ¢ T, define the game

— b.,b
w= Z CT UT, -

Teo1

The index of w is at most I and mgs (w) = mgs (v). By the induction hy-
pothesis and (2.28) it holds P;(N,v) = ®y(N,v) foralli ¢ T.Ifi € T, by
symmetry P;(N,v) is a constant c. Since the ELS value is also a constant ¢’
for all i € T, by efficiency we have ¢ = c¢’. This completes the uniqueness
proof. O

2.4 CONCLUSION

In this chapter we characterized the ELS value, that is the class of values
satisfying efficiency, linearity and symmetry in the classical game space. In-
spired by the potential approach for the Shapley value introduced by Hart
and Mas-Colell [31], we modified the definition of the gradient, and proved
that the ELS value is the unique value on the classical game space which
admits a modified potential representation under two specific conditions. By
using such a modified potential representation for the ELS value, we derive a
reduced game, such that the ELS value satisfies the Sobolev consistency with
respect to this reduced game. Then the ELS value is axiomatized by Sobolev
consistency, together with a so-called A-standardness on two-person games
with a fixed A. Based on Young’s axiomatization [97] for the Shapley value,
we prove that the ELS value is the unique value on the classical game space
satisfying efficiency, symmetry, and a modified strong monotonicity. This
modified strong monotonicity is a generalization of the strong monotonicity
defined by Young [97] for the Shapley value.



SHAPLEY VALUE IN THE GENERALIZED MODEL

ABSTRACT - Instead of the classical game space, this chapter focuses
on a generalized game space, in which the order of players entering into the
game affects the worth of coalitions. Inspired by Evans procedure [20] which
produces the Shapley value in the classical game space, we propose a new
procedure which leads to the generalized Shapley value defined by Sanchez
and Bergantinos [70]. Then we axiomatize the generalized Shapley value
using associated consistency, continuity and the inessential game property
in the generalized game space. A matrix approach is applied throughout the
axiomatization.

3.1 INTRODUCTION TO THE GENERALIZED MODEL

As we discussed in previous chapters, the classical description of a coopera-
tive game among a certain set of players, is a function which assigns to each
group of players a fixed single number, regardless of how players are ordered
in the group. However, to model some economic situations or some special
relationships among players, the earning of a group of players may depend
not only on its members, but also on the sequential ordering of players join-
ing the game. So to make a better approximation to some real life situations,
it may be advantageous to consider games where the so-called characteristic
function is defined on all possible orders in coalitions of players.

Example 3.1. [70] Consider a two-person game, in which player 1 is a seller who
has a product without value for him and player 2 is a buyer who values the product
of player 1 at one unit. Suppose that if the seller is the first who arrives at the market
then he waits for the possible buyers, but if the buyer is the first to arrive, then he
does not wait for the possible sellers. Then the worth of singletons is 0, while the
worths for two-person coalitions are respectively 1 (because the seller arrives first to
the market, he waits until the buyer arrives and he sells the product in x units of
money where 0 < x < 1; the seller obtains x units of utility and the buyer 1 —x);
and O (the buyer arrives first and he leaves the market because there are no seller).
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In this game, the worth of a coalition may depend not only on its members, but also
on the sequential ordering of players in such coalition joining the game.

The generalized model is given first by Nowak and Radzik [58]. They re-
defined the efficiency, null player property and strong monotonicity in this
new game space, and axiomatized a generalized Shapley value by using
two groups of (redefined) properties. The first group of properties contains
efficiency, null player property and additivity, and the uniqueness proof fol-
lows the approach given by Shapley [74]. The second group of properties
are efficiency and strong monotonicity, and the proof proceeds according to
the one given by Young [97]. The lack of symmetry compared to the clas-
sical case, comes from the definition of the null player in the null player
property as well as from the marginal contribution in the strong monotonic-
ity. Sanchez and Bergantinos [70] discovered this symmetry problem, and
gave more “suitable” definitions for the null player, symmetric player and
marginal contribution, in the new game space. In this way, a new Shapley
value was characterized, by using these new defined properties. Later by
Sanchez and Bergantinos [71], the Shapley value was generalized to games
with a priori unions in the same way as Owen [64] did for the Shapley value.
Bergantinos and Sanchez also characterized the weighted Shapley value in
the new game space [5], based on the results in the classical game space
given by Shapley [75] as well as Kalai and Samet [37].

In our point of view, the properties used in Sanchez and Bergantinos’ pa-
pers are more fair and attractive, since they considered all possibilities (po-
sitions) how a single player can join into a coalition. We follow the notation
given by Sanchez and Bergantinos [70].

For any subset S C N, denote by H(S) the set of all orders of players
in S. The element S’ € H(S) is called an ordered coalition. For notational
convenience, we use S to represent a general coalition with size s regardless
of order and S’ € H(S) to represent an ordered coalition with the same player
set. Note that H(0)) = 0 as well as H({i}) = {{i}} for all i € N. Denote by Q the
set of all ordered coalitions, that is,

Q ={S'|S" € H(S),S C N, S 0.

Obviously, the total number of ordered coalitions in Q equals

n
m:= Z sICy, where Cj = (1) = S!(Tllis)! forall1<s<n. (3.1)

s=1
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Definition 3.1. A game in generalized characteristic function form, or a generalized
game, is an ordered pair (N,v), where N is a non-empty, finite set of players and
v : Q — R is a generalized characteristic function that assigns to each S’ € Q, the
real-valued worth v(S') as the utility obtained by players in S according to the order
S’, such that v(0) = 0.

Denote by Gy, the set of all generalized cooperative games with player set
N, and G’ the set of all generalized cooperative games with arbitrary player
set. A value ¢ on Gy is a mapping such that (¢i(N,v));cn € R™ for all
v € G- The following definition will play an important role in our solution
theory for generalized TU games.

Definition 3.2. Let S’ € H(S),S & N be given. A set T' is called an extension of
S’ of size t,t > s if a set of t — s players in N\ S is inserted among the players of
S’ in such a way that the players in S appear in T’ in the same order as in S’. We
denote by V(S’) the set of all extensions of S’.

As a special case we define an extension T’ = (S/,i") withi ¢ S, t =s+1
as follows. Given player i € N, coalition S C N\ {i} of size s, ordered coalition
S’ € H(S), and height h € {1,2,...,s+ 1}, then (S/,i") denotes the (s + 1)-
person ordered coalition with player i inserted in the h-th position, that is, if
S" = (i1,...,1s), then (S’ i) = (i,i1,...,1s); (s' ist1) = (iy,...,1s,1); and
(8",i") = (i1,...,th—1, 1, ih,...,1s) forall 2 < h < s.

Definition 3.3. [70] For any generalized TU game (N, V), the generalized Shapley
value Sh/(N,v) = (Sh{(N,v))ien is given by

s+1

ShINv) = Y -y Z[ (8",i" ~v(s")| forallieN.

SCN\{i} S/GH

(3-2)

We can rewrite this value in terms of extensions (see Definition 3.2) in the
following way:

Yoy ety MEREL gy

SCN\{i}  S’c€H(S) VST,
The difference with the classical case is, that in this new setting, any player
i € N has (s+ 1) ways to join any ordered coalition S’ of size s, S € H(S),
S C N\ {i}, yielding various marginal contributions v(T") —v(S’) forall T" €
V(S’) containing player i, of size t = s + 1. The expected payoff to any player
1 with respect to the underlying classical probability measure py is obtained
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through averaging over all the player’s marginal contributions as well as
over all s! possible ordered coalitions with player set S.

Definition 3.4. Let S’ € H(S),S C N be given. A set T" is called a restriction * of
S"if T" € H(T), T C S, and the order of players in T’ is in accordance with that in
S’. We denote by R(S’) the set of all restrictions of S'.

In order to explain such a restriction set, we introduce the notion of pre-
decessors and successors. Consider an arbitrary ordered coalition S’ € Q,
S" ={i1,..., -1, iks1,...,1s). For any k € {2,...,s}, denote the prede-
cessors of i in S’ by pre(ix,S’). For any k € {1,...,s — 1}, denote the suc-
cessors of iy in S’ by suc(ix,S’). Then pre(iy,S’) = {iy,...ik_1} as well as
suc(iy, S’) = {ik4+1,...1s). For any two players i,j € T’ where T’ € H(T),
T C N, the restriction T € R(S’) means T C S, and if 1 € pre(j,S’) then
iepre(j, T'), orifi € suc(j,S’) theni e suc(j, T').

Definition 3.5. [70] A value ¢ on Y satisfies
(i) efficiency, if

Z ¢i(N,v) = l' Z Vv(N')  for any generalized game (N,v);
ieN w N/eH(N)
(3-4)

(it) symmetry, if $1(N,v) = b;(N,V) for all symmetric players i and j and any
generalized game (N,v). Two players i,j € N are symmetric in (N,v) if for
every ordered coalition S’ such that S' # 1,3, we have v(S',i") =v(S’,iM) for
alhe{1,2,...,s+1};

(ii1) null player property, if di(N,v) = 0 for every generalized game (N,v), and
every null player i € N. Player i is called a null player in (N,v) if for every
ordered coalition S’ not containing i, we have v(S’,i") = v(S') for every
hell,2,...,s+1}

Denote by ¥(N) the average worth for all permutations N’ € H(N), i.e.,

N =~ Y N, (35

n:
N/EH(N)

Then the efficiency is equivalent to } ;n $i(N,v) =(N).

1 Sanchez and Bergantinos [70] use the notation T' = S’/T' to express the restriction T’ of S’.

We change the notation to avoid the possible confusion with the set-minus sign “\”.
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3.2 EVANS' CONSISTENCY AND THE GENERALIZED SHAPLEY VALUE

In this section we will provide a procedure, such that the Shapley value of
the generalized game is just the expectation of that procedure. This approach
is based on Evans [20] in the classical game space.

3.2.1  Motivation

In the classical case, Evans [20] introduced the following procedure: given an
n-player cooperative game and a feasible “wage” n-vector. Suppose that the
players in a cooperative game are randomly split into two coalitions, each
with a randomly chosen leader; the two leaders bargain bilaterally and each
pays, out of his share, a wage to each member of his coalition as specified by
the wage vector. More precisely, for an arbitrary cooperative game (N, v) in
G, the following procedures are done sequentially:

(A) the players in the grand coalition N are randomly split into two coali-
tions, say S and N\ S (S # 0, N);

(B) each coalition generates randomly a leader, say leader i represents S and
leader j represents N\ S,1€ S,j € N\S;

(C) The rule is that each leader pays to each member of his coalition, an
certain part of what he gets in the two-person bargaining process.

A value is said to be consistent with the above procedure if it is equal to the
expected payoff. Under such a consistency condition, Evans proved that the
Shapley value of the form (1.7) is the unique solution, if all randomly chosen
processes are with respect to the uniform distribution, and the two-person
bargaining result is standard according to Hart and Mas-Colell [31]. Remind
that a value ¢ on § is standard for two-person games, if for an arbitrary
two-person game ({i,j}, V),

dr{Lhv) = v({k}) + % (v{Li) —v{ih —v({j})) forke{ijl.  (3.6)

Although Evans’ procedure works well on the classical game space Gy, it
is not suitable to characterize a solution on the generalized game space Gy.
The problem is that, when players are randomly split into two coalitions,
there is no order information about the two subcoalitions. So the leader does
not know what he actually owns to bargain with his opponent. In the fol-
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lowing we will define a generalized procedure, based on Evans’ approach to
characterize the generalized Shapley value of the form (3.3).

3.2.2  Generalization of Evans’ procedure

Following Evans’ procedure, we assume that for a set of fixed players, each
player has the same probability to be chosen as a leader in all possible per-
mutations of the set of players, i.e. for any S C N, S/, S” € H(S), the prob-
ability of i to be chosen as a leader in S’ is the same as that in S”, for all
i € S. Remind that, the problem with Evans’ procedure in the generalized
case is the lack of order information for the two partitioned coalitions in
step (A). In order to fix the orders of the two subcoalitions in the two-person
bargaining process, we first choose one permutation N’ € H(N) with some
probability, then a partition {S/,N’\ S’} can be chosen based on N’ where
S',N'\S" € R(N’),S" € H(S),S G N and S # 0.

Let 0 : G’ — IR? be the payoff of the two-person bargaining process be-
tween S’ and N’\ S/, say S’ gets QSN,/(V) and N\ S’ gets QH;\S/(V). Ac-
cording to Evans’ procedure, the leader of each ordered coalition is then
obliged to pay to each member of his coalition a prespecified feasible allo-
cation x = (xg)kxen- If i is chosen as the leader of S/, then what he gets

BTS\]//(V) — Z Xx-

keS\{i}

is

Similarly if j is the leader of N’ \ S’ then he gets

GE:\S/(V) - Z Xx-
keN\(SU{j})

Denote by f the probability distribution that determines the choice of the
permutation N’, the partition of {S/,N’\ S’}, and which two players are
the leader of S” and N’ \ S’ respectively. Given the triple (f,6,x), denote
by E¢ (TT;10, x) the expected payoff to player i. We now generalize the consis-
tency concept defined by Evans:

Definition 3.6. Given a pair (f,0), a payoff vector x = (xi)ieN satisfies Evans’
consistency with respect to (f,0) if x; = E¢ (T1;]6,x) for i € N and any generalized
game (N, v).

We assume that the distribution f is uniform. Then the whole procedure
(A)-(C) under the uniform distribution can be described as follows:
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(i) Choose a permutation N’ from the set H(N) with probability 1/n!;
P p y

(i) Choose the size of the first coalition S’, with each possible size s €

{1,2,...,n—1} being equally likely, hence with probability 1/(n —1).

Suppose s is the chosen size;

(iii) Choose an ordered coalition S’ of size s in R(N’). Since the position of
players in N’ are all fixed, we only need to fix s players with probability
1/C3.. Once S’ is fixed, its complement N\ S’ according to N’ is also
fixed;

(iv) Choose a leader i from S’ (already fixed in (iii)) with probability 1/s,
and a leader j from its complement N"\ S’ (already fixed in (iii)) with
probability 1/(n —s);

(v) Leader i and j play a two-person bargaining game based on coalition
S’ and N’\ S’ respectively. Coalition S’ gets 0% (v) while N’ \ S’ gets
BE/\SI(V);

(vi) Leader i gets BN (v) — .1 X after assigning each of the mem-

& S keS\{i} gnng
bers of his coalition xy for all k € S’ \ {i}. Leader j gets GE:\S,(V) —
2_KeN\(Sufj}) Xk after assigning xi for all k € N\ (SU{j}).

According to the above procedure the probability of the choice (N’, S/, 1) that
player i will find himself leader of coalition S” according to N is

Player i could be either in the first coalition or in the second one, hence we
have to add the factor 2 in the probability. Now everything is well-defined
in the generalized case except for 6.

In contrast to the standard two-person bargaining solution (3.6), we give
the following definition:

Definition 3.7. For any two-person generalized game ({i,j},v), the generalized
standard bargaining solution ¢ : G’ — R? is defined by

1

dr({iihv) =v({k}) + 5 (0L i) —v({i) =v({i})  for k € {i,j},

N
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where v({i,]}) is defined by (3.5) (given N = {1, j}).

Clearly ¢ satisfies the efficiency condition (3.4). Hence the solution 6 of
the two-person bargaining process between S’ and N’ \ S’ in game (N, v) is

O (v) =v(S") + 5 (B(N) —v(S") —v(N'\ ")) ;

1
2

, 1 (3-7)
O\ s () = VIN'\S') + 5 (9(N) —v(N'\ S") —v(S)) .

Theorem 3.1. A payoff vector x € R™ satisfies Evans’ consistency with respect to
(f,0) if and only if x is the generalized Shapley value (3.3).

To prove this statement, we need first the following result:

Lemma 3.1. The generalized Shapley value in Definition 3.3 can be written in the
following form: for any generalized game (N, v),

Shi(N,v) = )
s’eq,
S/>i

(s—Nin—s)t (v(S")  v(S"\{i}) .
o < g (s—])!) forieN. (3.8)

Proof. We will show that the value defined by (3.8) satisfies additivity, to-
gether with efficiency, symmetry, null player property (see Definition 3.5).
Since Sanchez and Bergantinos [70] proved that the generalized Shapley
value in Definition 3.3 is the unique value on Gy, satisfying these four prop-
erties, the result follows. Additivity is clear. Denote by ¢ the value defined
by (3.8). Then

(s=1!n—s)! (v(S) v(S"\{i}
Zd)i(N,v):Z Z n! < sl (s—])!>

i€N iEN s’eq,
S/34i
B (s— 1! (n—s)!v(S") sln—s—1)Iv(S")
B Z Z n! st Z Z n! s!
S’eQ ies Sslir? i¢gS
s!(n—s)!v(S") sim—s)!v(S") _
- Z n! sl Z n! s! =v(N),
S’eQ S’eq,

s#EN

proving the efficiency. Now suppose player i is a null player in (N, v), that
is, v(S’,iM) = v(S’) forall S’ € O,S’ #1i, h €{1,2,...,s + 1}. Then we have

$i(N,v) = 0 since
> w8 =D s-v(S'\{i}.

s’eq, s’eq,
NER NER
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In order to explain this equality, we consider a coalition S C N, S > i. Fix
S/\{i} € H(S\{i}), then (S’ \{i},i"), h €{1,2,..., s} results in s different sets
S’ € H(S). This proves the null player property.

To establish the symmetry, consider a pair of symmetric players i,j € N,
i #j, thatis, v(S/,iM) = v(S’,j") forall S’ € Q,S’ #1,j, h € {1,2,...,s+1}.
We can rewrite the right hand side of (3.8) in the following way:

(s—D!n—s)! (v(S) v(S'\{i})
SNV =| D+ nl ( s (s1)!>

S’eq, S’eq,
S/31,j S/51,S'%j

(s—N!n—s)! (v(S") v(S'\{})
N PAREDN Y (s! _(5—1)!>

S’eq, S’eq,
S'5ij $’3j,S'#i
=d;(N,v).
This proves symmetry. O

Proof of Theorem 3.1. Define

According to the procedure (i)-(vi), player i’s expected payoff x; is

1 ’ s—1
g GSN/ (V) — Z Xk | + s Xil -
keS\{i}

(3-9)

Xi = Z Z ZA? .

N’eH(N) s’eQ,S’eR(N/),
S/34,|S/|#n

We first show that x satisfies the efficiency (3.4):

Sru= Y Y Yoaar (Vi)

ieN N/EH(N) s’eQ,s’eR(N’), i€S
s#m,0

1 1T N
-y - Y — o 2o,
N’eH(N) S/eQ,i/eg[N’),

By substituting the formula for Gy,/ (v) (c.f. (3.7)) we have,
n—1 1

d oxi= ) %ch.n]j oy 2~;\‘;(N):\7(N).
T s=1

ieN N’eH(N)
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This proves the efficiency. Note that (3.9) is equivalent to

o= Y Yy mg-%(ey/(v)ﬁm), (3.10)

N’/eH(N) S’eQ,S’erR(N/),
NERYE

since
> > o2t = ) Z CS—h - 2AT =
N/eH(N) s’€Q,S’eR(N/), N’eH(N)

NETRUE

We now simplify the formula for x; given by (3.10). Note that x(S) = x; +
x(S\{i}). Then the coefficient of x; on the right hand side of (3.10) is

1 1 2
J— n., _ —_ n, o_ __ =
> ooy o Yo lo2
N/eH(N) s’eQ,S’eR(N/), N/eH(N) s=1
S/34,|S!|#n
while the part concerning x(S \ {i}) on the right hand side of (3.10) becomes

_ Z Z %.ﬁ.é.z%.x(g\{i})

N/€H(N) $’€Q,S’eR(N/),

S/31,|S!|#£n
1 1 1 1
=— > >N ) nlnoi e s
N/eH(N)JeN\{i} S’eQS/eR(N/),
S/31,j,IS/|#n
n—1
1 1 1 1
_— . 5_2 - — — e ———— . PR
- Z Z X]ZC“_Z n n—-1 C§ 2 s
N/eH(N) jeEN\{i} s=2
n—2 n—2
= == (V(N) —x4).
nn—1) Z X n(n—1)(v( )=

JeNA{i}

The latter equation is due to the efficiency of x. The only part that is not
treated yet on the right hand side of (3.10) is: (substituting the formula for

o' (v) in (3.7)),

) e I R

N’/eH(N) s’eQ,S’eR(N/), n
S/34,[S/|#n
1 1 1T 1 ,
= ) > nnoics s VS (3.11)

N/€H(N) $’eQ,S’eR(N/),
S/3iI8|1#n
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_ Z Z %~L-CL~£V(N’\S’) (3.12)

— S
N’eH(N) S’eQ,S’eR(N/), n-—1 n
S’/31,|S/|#£n
1 1 1 1
— == V(N). 1
) Y iy (3.13)
N/€H(N) s’€Q,S’eR(N/),
S/31,|S/|#£n

In is easy to derive that the result of (3.13) is ¥(N)/n. By changing the order
of summations, (3.11) is equivalent to

Z Z A“-f- S = Z %;-A?-lw)(s’)

S’€Q,S'31, N/eH(N), S’eQ,s’>1,
s#N N’eV(s/) s7#M

S’eQ,S’'>1,
s#M

Let T" = N’\ S/, then (3.12) becomes

1 1 1 1
_ E E . . — - .\)(T/)
n—1 cr-t —
N/eH(N) T/eQ,T/eR(N),
T/#, |T'\;éo

1 1 ,
— Y Y mima ™
T/eQ,T/#0, N/eH(N
T/#i N’EV(T’)

:_L (t—1)!(n—t)!' 1 ST\,
n—1

| _ |
= n! (t—1)!
T/21

Hence (3.10) is equivalent to:

0 == Zxi = 20N i)+ PN o Dol 1 vs)
—5 2 (t_”ff,n_t)!~(t_]”yvtrt\{i})ﬂ%‘\”.
Solving this eqiation we have
-3 soMtnmslt (50 _WSNDY g,

S/3i
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Then, by Lemma 3.1, we find x(N,v) = Sh/(N,v) for any generalized game
(N,v). O

In fact Theorem 3.1 can be restated as follows, where f (defined above
as the “uniform” distribution over two-configurations for the given game
(N, Vv)) is to be understood now as a function from games to such probability
distributions.

Corollary 3.1. The generalized Shapley value is the unique value on Gy that is
both consistent with f and standard on two-person games.

3.3 MATRIX APPROACH TO THE GENERALIZED SHAPLEY VALUE

In this section, an axiomatization for the generalized Shapley value is given,
by using associated consistency, continuity and the inessential game prop-
erty. For the uniqueness proof, a matrix approach will be used.

3.3.1 Motivation

In the classical case, Hamiache [25] presented a new axiomatization of the
Shapley value by constructing an associated game. He defined a sequence of
games, where the term of order n, in this sequence, is the associated game
of the term of order (n — 1). It is shown that the sequence converges and
the limit game is inessential. Thus without either additivity or the efficiency
axioms, the Shapley value is characterized by the inessential game property,
associated consistency and continuity. Driessen [15] generalized this asso-
ciated consistency to the ELS values. Notice that the uniqueness proof in
Hamiache [25] as well as in Driessen [15] are very complicated and technical.
Xu et al. [93] and Hamiache [26] respectively developed a matrix approach
for the axiomatization. Later this matrix approach is also applied to the so-
called dual similar associated consistency in Xu et al. [94], and to games with
coalition and communication structures in Hamiache [27]. In the matrix ap-
proach, the diagonalization procedure of a special matrix and the inessential
game property for such a matrix are fundamental tools to prove the conver-
gence of the sequence of repeated associated games as well as to show its
limit game to be inessential.

Instead of the classical Shapley value, we focus on the generalized Shapley
value defined by Sanchez and Bergantinos [70], in which the order of players
entering into the game matters. A matrix approach is used to study the
properties of the generalized Shapley value, based on ideas given by Xu et
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al. [93]. Since different orders of the same set of players may admit different
worths, our representation matrix becomes much bigger (instead of a (n x n)-
matrix, we consider a (m x m)-matrix) (see (3.1) for the value of m).

Definition 3.8. A value ¢ on G{ is said to satisfy:

(i) continuity: if for all point-wise convergent sequences ((N,vi)){2; of general-
ized TU games, with limit game (N, V) it holds:

llim ®(N,vy) = d(N,v).

(ii) associated consistency: if for every generalized TU game (N,v), it holds
&(N,v) = &(N,vy) for any N > 0. For the generalized TU game (N,v),
and A > 0, the associated generalized TU game (N,vy) is defined as follows:
forall S’ € Q,

/ / e V(S’,jh) ’ .
w(s)=vish+r S|SB sy vgn|,  Gas)

FJENAS Lh=1 s+1

or equivalently,

!/ /
wis)=vsh o Y | Y M gy G
jems | ey
We follow the interpretation of the associated game mentioned in Hami-
ache [25]: Let us assume, as in Myerson [51], that a communication structure
exists (here not only unilateral, but all the bilateral meetings between players
are allowed). Using this device, the proposed associated game is justified by
a double assumption, a myopic vision of the environment and a “divide and
rule” behavior of the coalitions. The myopic approach can be regarded as a
behavior such that for any coalition S’ € H(S), S C N, it ignores the links
existing between players in N\ S. As a consequence, coalition S’ considers
itself at the center of a star-like graph, which is equivalent to say that coali-
tion S’ considers players in N\ S as isolated elements. The “divide and rule”
strategy can be interpreted as a behavior such that, coalition S’ may believe
that the appropriation of at least a part of the surplus, generated by its co-
operation with each of the isolated players j € N\ S in any possible way, is
within reach. Thus coalition S’ may evaluate its own worth, v (S’), as the
sum of its worth in the original game, v(S’), and of a given percentage of all
the possible previous surpluses.
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3.3.2 Matrix representation

Throughout the remainder of this section we exploit the power of a compact
algebraic approach based on Xu et al. [93], in order to provide the axiomatiza-
tion of the generalized Shapley value by means of its associated consistency
property. For given player set N, in the following we will (often) view the
game v : O — IR as a vector v € R™ with components vg/, S’ € Q. Then
the formula (3.3) for the generalized Shapley value can be rewritten in its

compact matrix representation
Sh/(N,v) = M5™ .y,

Here MSM denotes the (n x m)-standard matrix with rows and columns
respectively indexed by players and non-empty ordered coalitions, such that
any entry [MS"]; 5/ is given by

Py _/s! ifies;

—pa/s! ifigs,

M5 g0 = (3.17)

forany i € N, S’ € H(S), S C N, S # 0. In addition, from (3.16) we derive
the following matrix representation of the associated generalized TU game
(N, v)) based on the square (m x m)-matrix M of which the rows as well
as the columns are indexed by non-empty ordered coalitions:

va =My -y,
where the square matrix M, is given by

T—(n—s)A ifT/ =S

A(s+1) ifT’eV(S)andt=s+1;
MAls 17 = (3.18)
—A if T"={jlandj € N\'S;

0 otherwise,

for any S/,T" € Q. Clearly, the order of the indices in the columns of
M, should be the same as that in the rows. Now consider a sequence
((N, (v;\)l> )12 of generalized associated games, given recursively as follows:

(v;\)l =M, - (v;\)l_1 foralll=1,2,..., whereas (v;\)o =v.
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We exploit an algebraic approach based on properties of the underlying ma-
trix M, satisfying vy = M -v as well as (v)\)1 = (M) v. The remainder of
this section deals with the diagonalization procedure applied to matrix M.
Recall that in linear algebra, the following result is well-known:

Lemma 3.2. [41] Let A be a square matrix of order m.
(i) Rank Theorem: rank(A) + nullity(A) = m.

(ii) For every eigenvalue of matrix A, its (algebraic) multiplicity is at least the
dimension of the corresponding eigenspace.

(iii) The sum of the (algebraic) multiplicities of all eigenvalues of matrix A is m.

(iv) Diagonalization Theorem: The matrix A is diagonalizable if and only if the
sum of the dimensions of the distinct eigenspaces equals m, and this happens
if and only if the dimension of the eigenspace for each eigenvalue equals the
(algebraic) multiplicity of the eigenvalue.

Denote by Ag/ the row of the matrix A indexed by the ordered coalition
S’, S’ € Q. The matrix A is called row-inessential if

1
3 Z ASI:ZA{]-} forany SC N, S # 0.
" S'EH(S) j€eS

A row vector x € R™ (indexed by ordered coalitions) is called row-inessential
if ]
=5 Z Xg/ :ZX{)'} forany SC N, S #0.

$ srens) jes
Lemma 3.3. Lef the square (m x m)-matrix B be invertible.
(i) The matrix product A - B is row-inessential if and only if A is row-inessential.

(ii) For every generalized TU game (N,v) and every row-inessential matrix A, the
corresponding game (N, A -v) is an inessential game. Here the generalized TU
game (N, A -v) is defined by (A -v)(S') = Ag/-v forall S € Q.

Proof. First of all, by definition of the product of two matrices A and B it
always holds (A -B)ss = Ag/-Bforall S’ € Q.

(i) Suppose matrix A is row-inessential. Let S € Q. Then it holds,

1 1 1
5 2 ABsy=5 ) (AsB)=_| > As|-B

" S/eH(S) " SIeH(S) " [s’eH(s)
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= [2_An 'BZZ(AU}'B)=Z(A'B){)'}'

jes jes jes

Thus the matrix product A - B is row-inessential. On the other hand, suppose
that the matrix product A - B is row-inessential and matrix B is invertible. Let
S’ € Q. Then by the relation above we see

1
) Ayl B= o ) As|-B.

jeSs T S’EH(S)
and by multiplying by B~' to the right on both sides of this relation, it
follows that the matrix A is row-inessential (provided B is invertible).

(ii) Suppose matrix A is row-inessential. Consider any generalized TU game
(N,v). The generalized game (N, A -v) is inessential since for all S’ € Q, it
holds

l, > (A-V)(s’)z% Y (Agv) = l' > As| v

s S’eH(S) s S’eH(S) s S’eH(S)
= | X Ap|v=Y (Ag-v) = X (A,
jes jes jes

3.3.3 Diagonalization property of the matrix

The aim of this subsection is to prove that the matrix M, (see (3.18)) is
diagonalizable. This result is the basis for the axiomatization of the Shapley
value in the next subsection.

Recall the associated generalized TU game (N, v,) of the form (3.16), and
its matrix representation vy = M, - v, where the square (m x m)-matrix My
is presented by (3.18). For our further analysis, we denote, for any integer
ke{0,1,2...,n},

we:=1—%k-A aswellas MM := My — - Iin = My — (1 —kA) - L1y,

We will show in this subsection, that the numbers . are the eigenvalues
of M,. To do so, denote by B the block in matrix M** containing all
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elements [M"]g/ 1/ with s = |S’|, t = [T’|. For any k € {0, 1,...,n}, MMk has
the following structure:

Bis Bipx O 0
B2i1 B2z B2z O 0
Bs,1 0 B33z Bsa 0 0
MHe= | 0 0
Bn,2,1 0 - 0 anz,nfz BH*Z,n*1 0
Bn71,1 0 0 Bn71,n71 Bn71,n
0 e 0 Brn

(3.19)
Note that both square matrices M and MMk respectively differ only in the
n diagonal blocks B s of size s!C3, with corresponding diagonal entries 1 —
(m—s)-Aand —(n —s —k) - A respectively, s = 1,2,...,n. In particular, the
lower diagonal blocks are given by By n and k- By respectively with zero
blocks Bn,t =1[0],t=1,2,...,n—1 at the bottom row level. Every block Bs ¢
except for s = n, is accompanied by a neighboring block B ¢ 1 at the right,
with non-zero entries A/(s + 1) if and only if the column-index T’ represents
a one-player extension of the row-index S’, thatis T" € V(S’) and t = s+ 1.
Besides, every column index {i}, i € N, has non-zero entries —A only for
row-indices S’ € Q not containing the individual player (thatis, i ¢ S”).

In order to show that M, is diagonalizable, its eigenvalues, the multiplici-
ties of eigenvalues, and the dimension of the corresponding eigenspaces will
be studied (c.f. Lemma 3.2 (iv)). Note that for any k € {0,1,...,n}, py is an
eigenvalue of M, if and only if det (MHF*) = 0, or if there exists a nonzero
solution x € R™ such that M . x = 0. Hence the proof technique is twofold.
On the one hand, specific elementary row operations to M are carried out
to create zero or identical rows. On the other hand, due to the rank theorem
applied to the matrix M#"x, its rank equals the number m of all the columns
minus the dimension of its null space being the eigenspace corresponding to
the eigenvalue py.. We start with the computation of eigenvectors.

Eigenvalues and the dimension of corresponding eigenspaces

For any k, 0 < k < n, let x € R™ be a vector such that (M) —py - Im) - x =0,
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then the following system of linear equations holds: for all $" € Q of size
1<s<n—1,

A

Z (*)\)X{J}*(H*S*k))\XS/‘F Z S+]'XT/:0,

JEN\S T/eV(s!),
t=s+1

or equivalently,
1
(m—k—s) -xg/+ Z X(5) = ST Z XT7. (3.20)
JEN\S T’tEV(S]’),
=s+

In words, as long as the coefficient n — k — s does not vanish (that is, s #
n —Kk), the corresponding variable xs/ of the ordered coalition S’ € Q will be
interpreted as a certain linear combination of the complementary individual
variables x(j), j € N\ S, and the variables x1/ of one-player extensions T’ €
V(S’) of S'.

Lemma 3.4. Fixk €{0,1,...,n}, then any vector x € R™ satisfying (M) — px -
Im) - x = 0 has the following properties:

(i) The constraint (3.20) is equivalent to: for all S’ € Q,

s!

Xslz_B(n/S/k) Z X{]}+m

Z xr fl<s<n—k—1;

JEN\S T/ev(s’),
t=n—k
(3-21)
and :
xs,:m.z X(5} fn—k+1<s<n—-1. (3.22)
JEN\S

Here the recursive sequence 3(n, s, k), 1 < s < n—k—1, is defined by:
(nisi 1) ' B(n13+ ]/k) - (nikis) ' B(nlslk) = 71/ (323)

where B(n,n—1—Xk,k) = 1. The unique solution of the recursive formula
(3.23) is given by

1 n—1l—k—s

Blnsk)=——Ciy D (Cp) " foralll<s<n—k—1.

p=0
(3.24)

(ii) In particular, xy = 0 for all N € H(N) if k # O; otherwise they are among
the free variables.
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Proof. Suppose constraint (3.20) holds. We show (3.21) and (3.22) by induc-
tion. First of all, notice that any constraint with respect to ordered coalition
N’ € H(N) of size n requires kA -xn: = 0, so xns = O for all N’ € H(N),
provided k # 0. Secondly, given this first fact, any constraint with respect
to ordered coalitions S’ € H(N\{i}), i € N, of size n — 1, reduces to
x(i} = (k—1) -xg/ for all S” € H(N\{i}), i € N. As a consequence, Xy =0
for all 1 € N, whenever k = 1. Let the ordered coalition S’ € Q be of size
n—k+1 <s <n—2. By applying (3.20) as well as the induction hypothesis
to any (s + 1)-person ordered coalition T’ € V(S’), we obtain the following:

(TL k—S Xs/:— Z X{]}-F 1 Z X1/

JEN\S T/eVv(S/),
t=s+1
== 2 5 G k=1) > D X
JEN\S T’teVS/ JEN\T
n—1-—s n—k—s
== 2 Gyt T > )T T > X
JEN\S JEN\S JEN\S

The third equality is due to the combinatorial result:

Z Z Xy =Mm—=1=s)-(s+1) Z X{j}- (3-25)

T’te:\g(Jrs{),jeN\T JENAS
Here the relevant data T’ € V(S’), t = s+ 1and j € N\ Timply j € N\,
such that there exist (n—1—s) - (s+ 1) ordered coalitions T’ € V(S’) satisfy-
ingt =s+1and j € N\T. Since there are (n — 1 —s) potential individuals
to be added to S/, and (s + 1) potential positions to add a single player to S’.
This completes the proof for the casen —k+1<s<n—1.

Next, consider the case 1 < s < n—k— 1. We show (3.21) by backwards
induction on the coalition size. First of all, note that, for s = n — 1 —k both
formula (3.20) and (3.21) coincide, provided f(n,n—1—%,k) = 1. Fix an
ordered coalition S’ € Q, of size s satisfying 1 < s < n—2—k. Both (3.20)
and the induction hypothesis applied to any (s + 1)-person ordered coalition
T’ € V(S'), yield the following:

(Tl—S—k)XS/
t!
Z X{J}Jr Z —Bn,t, k) Z X{J'}Jr(n_k)l Z XR/
JEN\S T/ev(s’), JENNT T R7eV(T),

t=s+1 r=n—k
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s+ 1,k
- D XG) - n:H > me+ > ) x

JEN\S T’EV s' ), JENAT : T/eVv(s’), R'eV(T!),

= t=s+1 r=n—k
slln—k—s)
Z x{)}—(n—1—s)ﬁ(n,s+1,k)z X{J}+W Z XR/
JEN\S JEN\S R’E\T/l(j:),
s!
=—[+Mm=1-5)-Bms+1,K] Y TR T Y (n—k—s)xgp.
JEN\S R’Sv(_sk/),

The following combinatorial result as well as (3.25) were used to derive the
third equality:

Z Z xgr =(M—k—s) Z XR/- (3.26)

T/eV(S’), R'eV(T/), R’eV(S/),
t=s+1 r=n—k r=n—k

Note that, given R’ € V(S’) satisfying r = n —k, there exist ((n —k) —s) or-
dered coalitions T’ of size (s + 1) satisfying T’ € V(S’) as well as R’ € V(T’).
Together with the recursive formula (3.23), this completes the inductive proof
of (3.22) when 1 < s < n—k—1, assuming (3.21).

The proof of (3.20) from (3.21) and (3.22) can be derived based on (3.25)
and (3.26). It is left to the reader to check it, as well as to check that the
sequence 3(n, s, k) given by (3.24) satisfies the recursive formula (3.23). O

Denote by dy the dimension of the eigenspace of M, corresponding to
eigenvalue py, k € {0,1,...,n}. By using (3.21) and (3.22), we now aim to
derive bound for dy.

Theorem 3.2. Let A > 0. For any k € {0,1,...,n}, py are the eigenvalues of the
matrix My, and the following relations hold for the dimension dy of the eigenspace
corresponding to the eigenvalue py:

(i) dn =1;

(i) dn—1 <14

(iii) dp < (M—K)ICk forall2<k<n—2;
(iv) di <n!—n;

(v) do <nl+n—1.
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Proof. (i) k = n. According to Lemma 3.4, it holds xy+ = 0 for all N’ € H(N)
and

1
X = —— > xy forallS’€Qofsizel <s<n—1.  (3.27)
JEN\S

For any i € N, (3.27) gives n- x4 = 3 1N X1}, and so x4y = xgj) for all
1,j € N. Suppose each singleton gets the payoff n — 1, then there is a unique
solution x € R™ (up to a factor), namely xs» = n—s for all S’ € Q. Hence
dn =1.

(i) k = n—1. Lemma 3.4 gives xy = 0 for all N’ € H(N), and (3.22)
implies

Xg/ = ﬁz xjy forall S’ e Qofsize2 <s<n—1.
JEN\S

Hence singletons are the free variables, which gives d,,_1 < n.
(iif) 2 < k < n—2. According to Lemma 3.4, xs/ is given by (3.22):
1 /
Xgr = mz x{j}foralls ceQ,n—k+1<s<n—1,
JEN\S

and xn/ = O for all N’ € H(N). Write x(N) = ZjeN x(j) as well as B =
B(n,1,k). By (3.21) applied to singletons {i}, i € N, it holds

1 .
Xy =—B [x(N) —x{i}} + 1 Z x1, forallie N. (3.28)

(n !
T'eQ,T/>34,
t=n—k

Summing up the latter equalities over all i € N yields the following:

(1-+(n-—1)5)-x(N)::4444144447 > xge.

m—k-1! &=

r=n—k

Substituting the latter expression for x(N) into equation (3.28), we obtain the

following
—(n—%k)-B 1 |
T—B)-xri1 — . XR/ + § XR/-
(1=B) Xy T+m—1)-p (m—K) R%l, T =) RICOR/5t )
t=n—k r=n—k

Hence the variables corresponding to (n — k)-person ordered coalitions are
the only free variables, that is dy < (n— k)!C%_k forall2<k<n—1.
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(iv) k = 1. According to Lemma 3.4, it holds xy+ = 0 for all N’ € H(N),
xi =0 forallie N, and

s!

(n—1)!

Z xgs forany S’ € Qofsizel1 <s<n—2. (3.29)

R’ev(s/),
r=n—1

Xsgr =

Applying (3.29) to singletons we have

Z xgs =0 foranyie N.
R’eQ,R’>14,
r=n—1

Summing up the latter equalities over all i € N yields the following

OIZ Z XR/:(n—]) Z XR’-

ieN R’eQ,R/>i, R’eQ,
r=n—1 r=n—1

Since n > 2, it holds,

Z xR/:ZxR/— Z xgs =0 foranyie N.

R’€Q,R'F, R’eQ, R’€Q,R/>i,
r=n—1 r=n—1 r=n—1

Note that, fixing two players i,j € N, i # j, there is no overlap-
ping part in } pico Rizir—n—1XR’ and } prco R/ r—n—_1 XR’- Hence the
free variables are corresponding to the (n — 1)-person ordered coalitions,
in number n!, with additional conditions that the mutual relationship
2 R'e0R'Fir—n—1XR = 0,1 € N, are satisfied. Thus there are at most n! —n
free variables.

(v) k = 0. According to Lemma 3.4, xy- for all N are free variables. Since
B(n,s,0) =1, by (3.21) it holds

I
Xg/ = — Z x{j}—&-i‘ Z x7 forall S € Q,of size 1 <s<n—1.
JEN\S n T/ety(s'),
(3-30)

Apply (3.30) to any singleton {i}, i € N, we get

1 1
Z X{]} = g Z X1/ = Q Z XT/. (331)

jeN T Treq, T34, "TIEH(N)

t=n
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The free variables are corresponding to n-person ordered coalitions N’ €
H(N) and singletons {i}, i € N, satisfying } ;o X{j; = constant. Thus, there
are at most n! +n — 1 free variables.

Since for any k € {0,1,...,n}, there exists a nonzero solution x such that
MHxe . x =0, py are eigenvalues of M,,. O

Theorem 3.3. Every eigenvector x € R™ corresponding to eigenvalue 1 of M is
row-inessential:

= > xsr=) xgy forall SCN,S#0. (3.32)

S/EH S) jES

Proof. We present two approaches to prove this theorem.

Approach 1: Throughout the proof, we write X = % 2 N’eH(N) XN/ We first

claim that
Z xg/ + Z XG5 = = Z xns forall SCN,S#0. (3.33)
S/GH S) JEN\S N/GH( )

Then the row-inessential property

Z Xgr = ZX{J'} forallSC N, S #0,

S/GH S) jes

is a direct consequence of (3.33) applied to any singleton {i}, i € N, yielding
the equality } ;o X{j; = X and in turn, the row-inessential property for x.

The proof of (3.33) proceeds by backwards induction on the coalition size
of S = N\ T. For that purpose, note that averaging (3.20) for k = 0 over
all ordered coalition S’ € H(S) yields the following equality: for all S C N,
S#0,

Z (TLS—S) - Xgr + Z X{)}— S-l—] Z Z Z XR/-

S’€H(S) ’ JEN\S S/€H(S)JEN\S R’eV(s/) 1R/9)

T=s+

(3-34)
The n-person case is clear, while (3.33) and (3.34) in the (n — 1)-person case

with S = N\ {i} agree with each other since

SY we Yo

S'EH(N\{i}) R'eV(S/)R'>i N’eH(N)
T=s+
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The induction hypothesis applied to S = N\ T states the following:

1
(m—1t)! Z Xsr + Z X{k) = X. (3-35)

" SIEH(N\T) keT

We show that (3.33) holds true for S = N\ (TU{i}) where i ¢ T, and s =
n—t—1and N\S = TU{i}. Next we apply (3.34) to S = N\ (TU{i}) and
proceed as follows:

t+1
2 m—t—1) Xsrt )X

S'EH(N\(TuU{i})) jeTu{i}

. XYY

T S/TEH(N\(TU{i})) JETU{i} R’eV(S/),R'3j,

r= s+1

S Err SN MED M) WY

S’TeH(N\(TU{i})) €T R’eV(S)) 112/9)
T=s+

1
+ (T‘L—t)' Z Z XR!-

T S’eH(N\(TU{i})) R’eV(S’),R'3i,
T=s+1

Because of (3.35), a first simplification holds:

1 1
(m—1t)! Z Z xR/ = m—1t)! Z Xp

" S/TEH(N\(TU{i})) R’eV(S/)R'31, L) P/eH(N\T)

r=s+1
X=X
keT

Moreover by applying the induction hypothesis (3.35) to the (n — t)-person
ordered coalitions of the form (N \ (T U{i})) U{j}, j € T, we obtain a second
simplification: for all j € T,

1 1
n—1)! > > w= (n—t)! > xR/

- S/EH(N\(TULi))) R/EV(SR'S), " REH((N\(TU{ih)uli})

=x— ) X

ke(TU{ibh\{j}

=XEXG5 = D Xu)
keTu{i}
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Substituting both simplifications yields

t+1
Z n :: )XS/+ Z X(Kk)}

STeH(N\{TU{i}}) keTu{i}
=D | ®txp— D x| R xpg =Rt Y xp
jET keTu{i} keT keTu{i}

Hence (3.33) holds true for S = N\ (T U{i}) where i ¢ T. This completes the
inductive proof of (3.33).

Approach 2: Averaging (3.30) over all ordered coalitions S” € H(S) and using
(3.31) yields the following:

g xs=— ) X{;}+ ;> > x

S’eH S) JEN\S S/eH T’ev s7),
Z Xm+* Z Xt
JEN\S T’eH(N)
Z X5y + Z X{j} = me-
JEN\S JEN jeS

Rank analysis by elementary row operations

In this section, specific elementary row operations are carried out to create
zero or identical rows, in order to derive the upper bound for the rank of
matrix MMk, k € {0,1,...,n}. We mainly use an operation in which a row
is replaced by the sum of that row and a multiple of some other rows with
suitably chosen multipliers. (But also, column operations are used when k =
n that we will discuss later).

To analyze the rank structure of MM, we now transform M« by such
elementary row operations into an appropriate form. Let in the following
ME¥ stand for the row of MMk corresponding to the index S’. We emphasize
that for given k, the transformations of M*« described below concern the
row block Bg 1, ..., Bs,n with rows Mg, as follows:

fork=0:s=1and s =n; fork=1,...,n—T:s=n—k. (3.36)
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According to the structure of MMk (see (3.19)), for fixed s, 1 <s <n—1,
only row blocks B 1, Bss, and B 541 have non-zero elements (if s = n, then
only By, has nonzero elements when k # 0). In order to create more zero
elements in the s level, the block B ¢;1 can be changed into a zero block
by some suitable row operations using the diagonal block B 1 41 below it.
The left block B 1 as well as the zero block B s, change accordingly. In the
second stage, the adapted block B s > is changed into a zero block by using
the diagonal block B, 42 below it, which yields that the block B ; as
well as the zero block By 43 has changed and has to be recalculated again.
The procedure continues iteratively and ends up with zero blocks B 541,
Bss+2, ... Bsn—1, whereas the adapted left block B 1 and the right block
Bs n need to be recalculated. Specially, if k # 0, Bs , is also a zero block. This
procedure can be illustrated by the following matrices (the empty positions
in the matrix are 0): originally we have

B1,1 Bi,

B2 B22 Bzs

Bs,1 Bs,s Bs,s 41 0
Bsi1,1 Bsi1,s41  Bstist2
Bn_21 Bn2n—2 Bn_2n-1
Bn—],] Bn—1,n—1 Bn—],n

Bn,n

Denote by B! , the resulting block after the 1-th modification, then after the
first modification we have

Bi, Bi.2

B2, B22 Bys

1 1
Bs,] BSrS 0 Bs,s+2
Bs+1,1 Bs+1,s+1 Bs+1,s+2
Bn_21 Bn_2n—2 Bn_2n-1
Bn—],] Bn—1,n—1 Bn—],n

Bn,n
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And after the second modification we have

B1,1 Bi2
B2 Boo By
2] Bs,s 0 0 B2

s,8+3

Bs+1,1 Bs+1,s+1 Bs+1,s+2

Bn_21 Bn2n-—2 Bn-2n-1

an1,1 Bn71,n71 Bn71,n

Bn,n
The procedure continues until we get
Bii  Biz

B2, B22 Bzs

Bl Bss 0 0

Bs+1,1 Bs+1,s+1 Bs+1,s+2

Bn_21 Bn2n—2 Bn_2n-1

an1,1 an1,nf1 anl,n

Bn,n

More precisely, we fix k, and choose one row in MMk indexed by S’ (with
size s depending on k as in (3.36)). Row operations are done repeatedly by
using rows in MMk indexed by R’, where R’ € V(S’) and r ranging from
s+ 1 to n. Denoting by the M¥|; the result we derive in the l-th stage,
1 <1< n—s, it holds (with some coefficient «, to be fixed later) that

Mg}‘h = Mng,] + Z oy Mg‘f where Mg}‘\o = Mg}‘.
R/EV(S/),
r=s+1

The above formula is equivalent to

MEK| = MEF + Z oy - MK forall1<l<n—s.

R’eV(S),
s+H1<r<<s+1
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For fixed S’, our aim at each stage 1, is to obtain [M¥x]g, /)y = 0 for all
T’ € Q with size t = s+ 1 while keeping the results of previous stages
(IMMK]g, sy =0 forall T" € Q with sizet =s+1,s+2,...,s+1—1). Such
a procedure is used to determine the multiplier &, in each stage.

Lemma 3.5. For fixed k € {1,2,...,n—1},and S’ € Q (with size s depending on
k as in (3.36)), the multipliers o; satisfy the relation:

MBS s = Mg+ Y o MM =0, (337)
R’eV(S)),
s+

forall T € Q with sizet =s+1,s+2,...,n. Specially in case k = 0, the above
equation holds forall t = s+1,s+2,...,n— 1. Here, oy (in (3.37)) is defined by

the recursive formula

. A

o (M—k—jA=05_1" J -(j—s) forall s+1<j<n, where as =1. (3.38)
Proof. Fix s, 1 < s < n—1. We describe for any size r =j, s+2 <j < n,
the disappearance and the return of the zero blocks Bg; as some type of
equilibrium condition caused by the elementary row operations at size r =
j— 1 and r =j respectively. The compensation of the disappearance through
the diagonal block Bj;; amounts to the product —a; - (n —j — k)A generated
by the (yet unknown) multiplier «; as well as the value —(n —j —k)A of
the diagonal elements of block B; ;. The disappearance of the zero block B ;
amounts to the product —a;_1 - (A/j) - (j — s) generated by the (yet unknown)
multiplier o;_1, the value A/j of each non-zero element in the neighboring
block B;_1 j, counting for fixed T' € O, t =j, T" € V(S’), the possible choices
for ordered coalitions R’ € Q, r =j— 1, satisfying T € V(R’) and R" € V(S/).
This number of possible choice equals j —s. Consequently, the equilibrium
condition for size j is given by (3.38). O

Recall that for different k, different numbers s are involved in the trans-
formation process for MHx. The following theorem presents the information
on the relevant row blocks of M*k after the transformation process which
is needed for the rank analysis. In the proof also the numbers o; are given
explicitly.

Theorem 3.4. For any k € {0,1,...,n — 1}, the following results holds for MM«
after the modification:

(i) fk=0, M{ﬁ‘ilnq = Mg‘i\nq = constant for all i,j € N, and M} =0

forall N" € H(N);
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(ii) If k = 1, M§Fly = MEE = constant for all $',S” € H(S), S C N,

s=n—1;
(iii)) Ifk €{2,3,...,n—1}, MEF|x =0 forall " € Q of size s =n —k.

Proof. (i) k = 0. Clearly M ; =0 for all N’ € H(N). Fix S’ = {i}, i € N. By
Lemma 3.5,

[Muo]{i},-rﬂn,] = [MHO]{i},T, + Z Oy + [MHO]R/,T/ =0,

R’€Q,R/>31,
2<r<n—1

forall T’ € Q of size t =2,3,...,n—1, where «, is defined by

1T m—j—1)
(XJ = — .

j (7172)' forall 2 <j < n.

It is left to determine the numbers [MH0], 1 with t = 1 and t = n, after
the adaption step. Note that [M"0], 14, is unchanged during the adaption,
hence the value —(n — 1)A remains. Fixj € N, j # 1,

MMy fyln1 =MMlgy g+ D o IMPlgs g5

R’€Q,R/>34,
2<r<n—1
n—1
—?\JrZoq > (A =-A-A) a-Chheu
R’eQ,r=1, 1=2
R/31i,R’%j
——A— AZ1—— n—T1A = MM ).

According to Lemma 3.5, for all N’ € H(N),

[MMO] ) et = IMPOT e+ Y o [MPO]Ro N

R’€Q,R/>1,
2<r<n—1

n—1
n! -

n—1
n

Hence after adaption, M{Fti?|n—1 = M{F;'ilnq = constant for all i,j € N.
(i) k = 1. Consider a coalition " € Q of size s = n—1. Note that B;, 1 n,_1
is a zero block and according to Lemma 3.5,

1
MH] !/ ! = Mu] !/ / - MH] ’ /:O 'ft:
M* g/ 11 = IMP g/ 1 +o Z M* g 1 i n

R/eV(S/),
rT=n
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Hence the only nonzero element left in the s = n—1 level is [MH1] si{) = —A
if j ¢ S’, which gives M§¥k[y = MEK|; = constant for all $/,$” € H(S),
SCN,s=n—1.

(iii) Fix k € {2,3,...,n—1}. Consider coalition S’ € Q of size s = n—k,
then By, n—x = [0] (Specially when k = n — 1, the diagonal elements are
all zero in By 7). According to Lemma 3.5,

[MM]sr il = M) sr 17+ Z oy - [MPK] s 1 =0,
R’eV(S/),
n—k+1<r<n

forallt=n—-k+1,n—k+2,...,n, where

; —Kk)!
oG = (—1)—ntk. (n]') forallj=n—k+1I,n—k+2,...,n
Note that [M*¥]g, 15, = 0if j € S’; otherwise if j ¢ S, after the adaption step
we have

MEJsr Gyl =MMEs g+ ) o IMMRe g

R’eV(S/),
n—k+1<r<n

n—1

=—A+ ) (—A)

l=n—k+1 R’eV(S'),R'Fj,
=1
n—1 u
——A—A Z o 'Cl—n+k'7'
S R C Y
l=n—k+1

k—1
=AY ()mrhepr, =—(1-1 A =0
m=0

Hence after the adaption the rows indexed by S’ of size s = n —k are all
Zero rows. 0

Next we treat the case k = n. Instead of rows, we use elementary column
operations to simplify MHn. Denote by Ly, the column in MHn indexed by
the ordered coalition T/, T € Q. Fix i € N. By suitably chosen elemen-
tary column operations, the column indexed by 1, say L}, and the sum of
columns indexed by the other singletons, say Ly;; = 2_jen\(i} Lij), can be
transformed respectively, into two identical columns. According to (3.19),
for fixed t, T <t < n, only block Byt and B{_1+ contain nonzero elements.
Starting from t = n — 1, by suitably chosen T’, the element [L]g/ (i} can be
changed to 0 for s = n — 1, with the help of the diagonal block B,_1 1,
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whereas the element [L]g/ ;3 with s = n —2 changes and need a recalcula-
tion. In the next stage, [L] sv i) as well as [L] s/ (i} can be transformed to O for
s =n — 2, by using the diagonal block By, _3 1, whereas the element with
size s = n— 3 changes and need a recalculation. The iterative procedure ends
up with zero elements in [L] s/ iy as well as U_—]S/,{i} foralls=n,n—-1,...,2,
only the element for s = 1 need a recalculation.

Lemma 3.6. Let k =n.

(i) It holds for all S" € Q of sizes =n,n—1,...,2 that,

“—]S/,{i}|n72 = [L]S’,{i} + Z [.))t . [L}S’,T’ =0.

T/eQ,T/#,
2<t<n—1

Here B+ is defined recursively by
—G=1)-Bj1==1+Mm—j)-B5 forallj=mn—-2,n—-1,...,2, (3.39)

with pp_1 =1/(n—1).

(ii) It holds for all S’ € Q with sizes =n,n—1,...,2 that,

Osiyhnr2=Ms i+ Y ve-Msgr+ Y ve-[Ug, =0

T'eQ,T'34, T/€Q,T'#i,
2<t<n—1 2<t<n—-2

Here vy and v are defined respectively by

(-1 v =—Mm—j+N+Mm—j+1) vy
, _ , o (3-40)
(=1 -v-1=—M=j)+—j)-v5+vj,

forallj=n—-2n-3,...,2withyn_1=1/(n—1) and yn_1 =0.

Proof. (i) Fixi € N.Forany S’ € Q,if S’ 5 i, by definition [L]g/ ;;; = 0, hence
operations are done regarding S’ # i. We describe the way how [L]g/ i is
transformed to 0 at size t = j—1 for S’ # i, s = j— 1, from its original
value as well as the influence of the previous column operation at size t =j.
After the operation for t = j, [Lls/ (i} for s = j is becoming 0, while [L]s/ s,
for S’ # 1, s = j—1is changed to —A + B5 - (A/j) - (n—j) - j, where —A is
the original value of [L]g: (4, since i ¢ S’, Bj is the (yet unknown) multiplier
used at size t = j, A/j is the nonzero element in block B;;, 1, and (n—j) -j
is the number of possibilities of T for fixed S’ satisfying T' € V(S'), T' # i,
t = s+ 1. The element [L]s/ s/ with number (j — 1)A in the diagonal block
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Bj_1,_1, is used to make [L]g/ i} equal to 0 for S" # i, s = j — 1, with the
help of the (yet unknown) multiplier 3;_7, hence (3.39) holds.

(ii) For the fixed i, [[g/ i = —(n—s)Aif i € S/, and —(n—s—1)A
otherwise, for all 1 < s < n—2. While for s = n — 1, the only nonzero
element is [L] sy = —Adf S’ 5 1i. Hence in the first stage we have
A+ M —=1A-yn_1 = 0, which gives yn_1 = 1/(n—1). We distinguish
two cases S’ > iand S’ Z 1. If S’ > i, after the operation at size t = j,
3<j<n—1itholds [[lg/ i3 = —n—j+DA+vy;-(Aj) - (n—j+1)-j,
where —(n —j + 1)A is the original value, A/j is the nonzero element in block
Bj;, (n—j+1)-j is the number of possibilities for T’ such that T" € V(S’),
T > 1i,t =s+1, and vj is the (yet unknown) multiplier at size t = j.
The element [[]s/ s/ with value (j — 1)\ in the diagonal block Bj_1;-1, to-
gether with the (yet unknown) multiplier y;_;, are used to make [L]s/ 4
equal to 0 for S’ 3 1,s =j—1. This gives the first recursive formula in
(3.40). If S” Z 1, after the operation at size t = j, 3 < j < n— 1, we obtain

Msr iy = =M =jA+7v; - (A/j)-(n—=j) -j+v5 - (A/j) - j. The element [L]s s/
with value (j — T)A in the diagonal block B;_7;_1, together with the (yet
unknown) multiplier y;_1, are used to make U_—]S’,{i} equal to 0 for S’ % i,
s =j — 1. This proves the second relation in (3.40). O

According to Lemma 3.6 we have

yt=Mn—t)/(n—1) fort=n—1,n—2,...2,and
Yt=Mm—t—1)/(n—1) fort=n—-2,n-3,...,2.

Theorem 3.5. For k = n, after the (column) transformation steps applied to the
matrix MM, it holds Lijyln—2 = —Lyln—2 foranyie N.

Proof. We now have to check the element in Lg (;y and Lg/ (i) when s = 1.
Note that [L]; (i} = A is not changed during the whole process, and for any
jEN,j#1,

1

Lgin-—2=-A+Mn—-2)-B2-A= e “A.

Concerning L;;, we have

[ A
[Ciipgipn-2=—Mm=1)-A+0+v2 Y S=N

T'€eQ,T/34,
t=2
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[ A A 1
D2 =—Mm=3)A+¥2 > 5+v2 ) 5=—7\
T'eQ,t=2, T'eQt=2,
TIFLT!3) T/31,T'3j

Based on the previous results, the following holds:

Corollary 3.2. Let A > 0. Forall k € {0,1,...,n}, uy are the eigenvalues of matrix
M. The associated (m x m)-matrix MM« satisfies the following upper bounds for
its rank:

(i) rank (MHo) < M'+n-—1);

m_
(ii) rank (M*) < m—((n—1)!IC1 —n);
m_

(iii) rank (MMHx) < (n—k)!Cg_k forall2<k<n—-1;

(iv) rank (MHMn) <m—1.
Moreover the matrix M, is diagonalizable.

Proof. The upper bounds for rank(MH#x) for 0 < k < n directly follow from
Theorem 3.4 and Theorem 3.5. According to the Rank Theorem in Lemma
3.2 (i), it holds dy, = m — rank(MHx) for all 0 < k < n. Hence we have dy >
n'+n—1,dy >n'—nand dy > (n—k)!CQ*k for all 2 < k < n. Compare
these inequalities with the results in Theorem 3.1, then all inequalities are
met as equalities. Let my. denote the algebraic multiplicity of eigenvalue .
Then by Lemma 3.2 (ii) and (iii) it holds,

n n n
m= Z my > Z dg =n!4+n—T1+n!—n+ Z(n—k)!CR*k
k=0 k=0 k=2

n
= Z sIC3 =m.
s=1

Therefore my = di holds for all k € {0,1,...,n} and thus the algebraic
and geometric multiplicities of the eigenvalues of M, coincide. In particular
we conclude that the matrix M, is diagonalizable with eigenvalues py (c.f.
Lemma 3.2 (iv)). O

3.3.4 Axiomatization to the generalized Shapley value

Based on the results in previous subsections we are now able to give the
characterization for the Shapley value. Since by Corollary 3.2, M, is diago-
nalizable, there exists a diagonal matrix D, and an invertible matrix P such

75



76

SHAPLEY VALUE IN THE GENERALIZED MODEL

that M, = PD,P— . Particularly, (M))! = P(DA)'P~'. The diagonal entries
of the diagonal matrix D are the eigenvalues py =1—kA, 0 < k < n of M,
with corresponding multiplicities my.

Theorem 3.6. For A small enough (i.e., 0 < A < 2/n), the sequence of generalized
associated games ((N, (v)\)l>)‘f°:0 converges point-wise to some inessential general-
ized TU game (N, V).

Proof. Noticethat—1 <1—kA < 1foralll < k< nifandonlyif0 <A < 2/n.
Under this assumption, the diagonal entries (p)! of the diagonal matrix
(D))} converge to zero, except for pp = 1. The columns of the invertible
matrix P are the corresponding eigenvectors. Hence the limit game (N, V) is
given by

= lim (M))' v = lim P(D))'P~!"-v="P. lim (D\)'- P 'v=PDP v
l—oo l—o0 l—oco

(3.41)
where D = lim;_, o, (Dy)!. The diagonal entries of the diagonal matrix D are
equal to zero or one. So every column of the product matrix PD is either
the zero column or a column of P, that is, an eigenvector of the matrix My
corresponding to eigenvalue 1. By Theorem 3.2, any such eigenvector is row-
inessential and so, the matrix product PD is row-inessential. By Lemma 3.2
(i), the matrix PDP~! is row-inessential. By Lemma 3.2 (ii), the limit game
PDP~ v is an inessential game. O

Lemma 3.7. The generalized Shapley value of the form (3.3) satisfies continuity,
inessential game property, and associated consistency.

Proof. (i) Obviously, the Shapley value of the form (3.3) satisfies the continu-
ity.

(ii) Inessential game property: Consider an inessential generalized TU game
(N,v). Let i € N. Note that for all S C N \ {i} it holds,

s+1

> o .Zv > P =pr Y,

S’eH(S) T/eH(SU{i})) jeSufi}

where the latter equation is valid for inessential generalized TU games (see
Definition 3.5 (iii)). From this, together with (3.3), we derive the following:

s+1

Sh{(N,v) = Z ( Z Zv

SCN\{i} S/GH
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s+1

- G L L
SCN\{i} S’EH

pt Py ’
=) ) = 3 S ) s
SCN\{i} T’eH(SU{i}) SCN\{i} S’eH(S)
Soopr > vGh— Y Y vy
SCN\{i}  jeSu{i} SCN\{i} jes
> pMv{L) = ().
SCNA\{i}

(iif) Associated consistency: we use both a linear approach and a matrix ap-
proach to prove this property.

Linear Approach: The generalized Shapley value satisfies the associated con-
sistency if Sh/(N,v) = Sh/(N,v,) for any generalized game (N,v). Since
the generalized Shapley value satisfies linearity, it is equivalent to show
Sh/(N, v —v) = 0, where

s+1 'h
[on =) (5) = va(8) ~(S) =AY (Z > )v(S’JV({j})>,
FEN\S \h=1

for any S’ € Q. Since A > 0, we define a generalized game (N, w) by

1 s+1 V(S/ ]h)
W) ==w-v)(S)= ) > ——=—(m—s(S)— > v},

JEN\S h=1 JENAS

(3-42)
for any S’ € Q. Then it suffices to show that the generalized Shapley value
Sh/(N,w) coincides with the zero allocation. Fix i € N, according to (3.42)
we have

S/ sh' -h)

o2
w(s’, i) = 2 —(n—s—1)v(S,i")

JENN(SU{i}) h

DRI

JENN(SU{i})

s+2
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forany S’ € Q, S’ Z1i, h/ =1,2,...,s+ 1. Then for any i € N, by (3.3) we

have
s+1
Shi(N,w) = ) ( Sy Y ( w(s’))
SCN\{i} S’eH S)h'/=1
Sy oy Z(Z“’ ok
_SQN\H} (S S’GH( )JEN\(SU{i}) h'=1 \h=1 S+2 he1 S+1
DN = DY Z( (87,i") = v(S")) +v({i),
SCN\{i} S’eH(S) h/=1
(3-43)
as well as
s+1 s+2 s+2 s+1
YIS DI CALSLEIED WD NS W AL
JEN\(SU{i}) h/=1 h=1 FJEN\(SU{i}) h/=1 h=1

forany S’ € Q, S’ F1i. Let T = SU{j}, where S C N\ i, j € N\ (SU{i}), then

s+1
Z Z Zv (S’,i™) and,
T/'eH(T) S’eH(S
t+1 s+2 s+1
PEEDIRUALSED NI WRTCIH LA
T/eH(T) h/=1 S’€H(S) h/=1h=1

According to the last three equalities, we obtain

t+1

Sh/(N,w) = Z 'Z > oy ( v(T’))
TQTT\%{Q )ETT/GH ) h/=1
s+1
- X (H > Y (vsL M) —vs)) vl
SCN\{i} S’eH(S) h'=1

t+1

t(n—t)! /
- Z (t+1)m! Z Z( V(T))

TCN\{i}, T/eH(T) h'/=1

T

s+1
D MR S M (O VRS PRV C)
SCN\{i} S/GH ) h/=1




3.3 MATRIX APPROACH TO THE GENERALIZED SHAPLEY VALUE

Matrix approach: The associated consistency property for the generalized
Shapley value can be rewritten as the matrix equation MS"' Myv = MSMy
or equivalently, (M My —MSM)y = 0. We aim to show the matrix equa-
tion MSh/M;\ —~MSM =0 or equivalently, MSh/(MA —Im) = 0, where I,
denotes the (m x m) identity matrix. By applying the row-column rule for
computing the product of two matrix, we consider its entry in row i and
column T’. Fix both player i € N and ordered coalition T’ € Q. Due to
the construction of the matrix MS™M (see (3.17)), we split the entry in two
components as follows:

[MSM (M — L)l 77 = Z [MSh/]{i},S/ Mp = Imls/ 7/

s'eQ
Pe1 Ps
=Y = My = Tnlsrrr = > T Ma = Tmlsr T
s'eq ) s'ea
ST ST#i

Next, due to the structure of the matrix M — I;, we distinguish four cases.

Case One. Suppose T’ = {i}. Since [M) — Iinlg/ (i) # 0 if and only if i & S
(provided S’ # {i}), it holds

’ pnf n
MS™ (M, — L)y 17 = Z 857,1[7\/1)\ —Imls/ 11y — Z %[MA —Imls/ iy

s'en : s’'en

= S/
pTl pTl
= T(')[M?\ —Imlgiy 0 — S*S,(*M
! g s
S/H

n—1
=—(n—T)pgA+A Y Ch 4pt=0.
s=1

Case Two. Suppose T’ = {j}, j # i. Since [M\ —Iinlg/ j; # Oif and only if j & S
(provided S’ # {j}), it holds

’ pni n
MM (Mp = Il = ) Ss, LM — Il g5y — > psfs,[MA*Im]s/,{j}
s’eq ' s’ea
S/31 S/ Hi
_ Py Py Py
= Sé) o (7)\)77“\/[?\71}3}{]'},{]'}7 S%Q j(*)\)
S/31,5/ % S/Fi,5/%j

n—1 n—2
- 1
=AY CILptg+a) C%_Zp;lJr?\n(n_”(nfU
s=1

s=1
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A n—2
*7)\pn 2+ +)\Z< Zps CS Zps 1> 0.

Case Three. Suppose T € H(T), t > 2, T Z 1. Then T’ ¢ V(S§’) for all S’ € Q,
S 5 i. Further, every ordered coalition S’ of the form S’ = T\ {j}, j € T,
satisfies T" € V(S’) and i ¢ S. Consequently,

[MS™ (M, — L)l =— Z Ps [MA — Imls/ 17

s!
S’eQ
S/Fi

n
Pt Pt_1 A
= Privmy, -1 — 2
1 [Mx m]T’,T’ Z ' (t—”!t
S'€Q,S’#i
T/ev(s’)

Py Ptq A
Pt oa—t -
(At T T T

Case Four. Suppose T’ € H(T), t > 2, and T > i. Then every ordered coalition
S’ of the form S’ =T’/ \{j},j € T, j # 1, satisfies T’ € V(S’) and i € S. Notice
that T' € V(S’) for some S" € Q, 1 ¢ S, if and only if S = T\ {i} (provided
i € T). Consequently

n n
, - -
MS™ (M, — L)y 17 = tt, LMy — Il — (tt_i;),[MA —Imlrngag 1
i
+ ) My = Ins
S’'eQ,s/3i s!
T/ev(s’)
Piq PE2 A PEg A
=—(n—t A+ (t—1 —=0.
== A DT~ aoie
O

Theorem 3.7. The generalized Shapley value of the form (3.3) is the unique value on
G’ satisfying associated consistency, continuity, and the inessential game property
(provided that 0 < A < 2/n).

Proof. The fact that the Shapley value has the 3 properties is established in
the above lemma. Here, we show the uniqueness part. Suppose a value ¢ on
I'" also satisfies these three properties. From both the associated consistency
and the continuity, we derive that ¢$(N,v) = $(N,¥) holds for any general-
ized TU game v and its limit game (3.41) of the form ¥ = PDP~! - v. Since
the limit game ¥ is an inessential game (by Lemma 3.2), the inessential game
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property of ¢ yields ¢i(N,v) = ¢1(N, ) = v({i}) for all i € N. As the general-
ized Shapley value of the form (3.3) possesses these three properties too, the
same conclusion applies to the Shapley value, i.e., Sh{(N,v) = Sh{(N,v) =
V({i}) for all i € N. In particular, ¢;(N,v) = Sh{(N,v) forall i € N. O

3.4 CONCLUSION

In this chapter all characterizations are established in a generalized game
space. The difference compared with the classical game space is that, the
order of players entering into the game influences the worth of coalitions. So
for a fixed set of players, different permutations of this set may take different
worths, which makes the characterization more complicated. We give two
axiomatizations for the generalized Shapley value defined by Sanchez and
Bergantinos [70] in this chapter.

In the classical game space, Evans [20] introduced an approach, such that
the solution of the game determined endogenously as the expected outcome
of a reduction of the game to a two-person bargaining problem, is just the
Shapley value. However this approach is not suitable for the generalized
games. So we modify Evans’ approach in the following way: for any gen-
eralized game (N,v), firstly choose one permutation N’ € H(N), secondly
choose two subcoalitions S’ and N\ S’ according to N’, then choose two
leaders from these two subcoalitions separately. The two leaders play a two-
person bargaining game and promise to give the other players some part
of their earnings. We prove if all the choosing processes are subjected to
uniform distribution, and the standard solution on two-person generalized
games is used, then the expectation under the procedure is the generalized
Shapley value. This also means, the generalized Shapley value can be axiom-
atized by Evans’ consistency and the standardness on two-person games.

The second axiomatization uses the associated consistency, continuity and
inessential game property in the generalized game space. These three proper-
ties on the classical game space is used by Hamiache [32] to characterize the
Shapley value. Later Xu et al. [93] abandoned the complicated algebraic proof
given by Hamiache [32], and changed the proof by using a matrix approach.
Inspired by their axiomatization, we use an analogous matrix approach to
characterize the generalized Shapley value. The difference is that, instead of
a n by n matrix, we focus on a much larger matrix, which is m by m. The
main work in the uniqueness proof is to show that a certain m by m matrix
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is diagonalizable. The eigenvalues, eigenvectors and rank of this matrix are
studied in detail.



OTHER VALUES IN THE GENERALIZED MODEL

ABSTRACT - Also this chapter focuses on the generalized game space.
We introduce a so-called position-weighted value, which satisfies the effi-
ciency, null player property and a modified symmetry. It turns out that one
candidate of this value is the unique value satisfying 2-person standardness
and Evans’ consistency (with respect to a different procedure compared to
the one in Chapter 3). Moreover, the generalized ELS value, Core and Weber
Set are defined in this game space.

4.1 A NEW VALUE IN THE GENERALIZED MODEL

In this section we will introduce a new value in the generalized game model,
and compare it with the generalized Shapley value discussed in Chapter
3. We use the same notations as introduced in Chapter 3 concerning the
generalized game model.

4.1.1  Introduction to the new value

In the classical game (N,v) € G, the Shapley value for player i € N is re-
garded as the expectation of player i to participate in the game (see Section
1.3.2). As the form (1.7) shows, player i can get his marginal contribution

v(SU{i}) —v(S),

with probability p¢ for joining coalition S C N\ {i} of size s. In the general-
ized game (N,v) € G/, the generalized Shapley value (see (3.2)) can also be
regarded as an expectation: player i gets his average marginal contribution

o
Z( (s, =v(s"),

with probability p¥ /s! for joining the ordered coalition S” € Q, S’ # i of size
s.

33
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Now instead of the average marginal contribution, we consider a weighted
one: Fix a generalized game (N,v) € §’. Suppose for an arbitrary ordered
coalition S’ € Q,S’ # 1, the position of player i inserted into S’ may have
different influences on the union. So, if h indicates the position of player i in
the union, we use weights w{', ;(h), 1 <h < s+1, to depict the influences.
The common restriction for the weights is as follows: for any 1 < s < n,

0<wi(h) <1 forall1<h<s, and Z wg(h) =1. (4.1)

In this way, player i can get his weighted marginal contribution

s+1

Y wiia(h)- (VSN —v(s"), 42)
h=1

with probability p%/s! for joining the ordered coalition S’ € Q, S’ # 1
of size s. Clearly, (4.2) coincides with the average marginal contribution if
wir () =wi (2)=...=wi ;(s+1)=1/(s+1).

Following the idea of expectation (as the Shapley value on Gy of the form
(1.7), as well as the generalized Shapley value on §{, of the form (3.2)),
and using the weighted marginal contribution (4.2), we define the follow-
ing value:

Definition 4.1. A position-weighted value® ¥ : G, — RN is defined by: for any
generalized TU game (N,v) withn > 3,

s+1
-yt ps Zwm (v(S, M —v(s) forallieN, (4.3)
s’eq, !
S/

where for any 1 < s < n, the weights {wi(h) | 1 < h < s} satisfy condition (4.1).

We illustrate the difference between this value and the generalized Shapley
value by the following example:

Example 4.1. Consider a 3-person game ({1,2,3},v) on G5. Let i = 1. By (4.3) we
derive

Yi(N,v) !

2 31 - (v({(1231) +v({132)) + w3(2) - (v({213]) +v({312})
+w3(3) - (v({231)) +v({321))]

We call this new value the position-weighted value because the weighted marginal contribution
concerning the position of the inserted player is taken into consideration.
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+ = - w3 (1) - (v({12) +v({13) + w3 (2) - (v({21)) + v({313)]

Al ==

V(23D +v(B32)] — £ M) + (BN + () v,

While by (3.3),

Sh(N,v) 211—8[\)({123}) +v({132}) +v({213}) +v({312}) + v({231}) +v({321})]
+ 33 V120) 4 V21 + V134 VBTH] — V(23] + v((32)
— 22D +v(BN + ()

So W1 (N,v) = Shi(N,v) if and only ifw%(]) :wi(Z) :w§(3) =1/3, w%(]) =
w3(2) =1/2, and w3(1) = 1.

This example clearly shows that the position-weighted value ¥ coincides
with the generalized Shapley value for any generalized game (N, v), if for
any 1 <'s < n, we choose wit(h) = 1/s for all 1 < h < s, i.e., the average
marginal contribution is used.

4.1.2  Properties of the new value

Fix a game (N,v) € G’. Suppose player i is a null player (see Definition
3.5 (iii)) in the game (N,v). Then v(S’,i") = v(S’) for all S’ € Q,S’ % i,
1 < h < s+ 1. According to formula (4.3), it holds W;(N,v) = 0 if i is a null
player. Hence we have

Lemma 4.1. The position-weighted value Y on G\, satisfies the null player property.

Now we check the efficiency. It can be verified that, the value ¥ of the form
(4.3) can be rewritten as follows:

n n
Ny = Y ij Cwh(i)v(s)— Y PEy(s!) forallie N
s’eq, (s =1t sien, o
S’/3i S/#i
(4-4)

Here h(i) indicates the position of player i in the coalition S’ € Q,S’ 5 1. We
prove the efficiency of the value ¥ by using this form. Remind that, a value
¢ on Gy, is said to satisfy efficiency if

Z di(N,v) = % Z v(N’) =9(N) forall (N,v) € G’ (4.5)

ieN " N’/eH(N)
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Lemma 4.2. The position-weighted value W on Gy, satisfies efficiency.

Proof. Using formula (4.4) for the value V¥, it holds,

1A
D WNYI =Y 3 Wi () v(s) — 3 P (s
ieN ieN s’eq, ieEN s’en,
S/>3i S’Hi
p2—1 M1 (s / Py /
= D o W) v = 3 3 v,
S’eQ © ies s'iﬂ, igs '

(4.6)

Since {h(i) [1 € S} ={1,2,...,s},itholds }_;cswi(h(i)) =Y j_;wi(h) =1.
Hence the total payoff (4.6) is equivalent to

_ stl—I ’ (n—s)-p¢ /
2NV = ) VS = ) (S
ieN S’'eQ S’eq,
s#EN
1
=— ) VvIN)=9%N)
N’€H(N)
The last equality is according to (4.5). This proves the efficiency. O

In order to study symmetry (see Definition 3.5 (ii)), we rewrite the value
Y as follows:

pn s+2 po
1
WYi(N,v) = Z S_S|_+] ! s+2 S/ lprJ ) — 875' V(S/)
S’eq, s’eq,
S'Hi,j S'#ij
pn s+1 pm s+1
-h +1 h
+ D SZWH M= ) SL.ZvS’IJ
s’en, s’eq
S'#i,j 5,31)

(4-7)

Suppose i and j are symmetric players in the game (N,v). Then v(S’,i") =

v(S/,jM) forall S’ #i,jand 1 < h <

p s+2
1
Wi(N,v) = ) Sj_+] ,
S’eq,
S'#i,j
n s+1

+ Z ps ZWer

S’eQ,
S'Fij

s+ 1. 50 (4.7) is equivalent to

Wi (p) V(S P39 = 3 Beus)
s’eq
S'#ij
P s+1
/ sh s+1
v(s',i" - Z T Zv
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And the difference between ¥;(N,v) and ¥;(N,v) is

s+2
Py o
Wi(N,v) —¥j(Nv) = ) Sfj]‘, w2 (p) = Wi (a)) v(S', 17,59,
s’eQ,
S'Fij

(4.8)
which is clearly not zero if for T < p,q < s+2, p # q, it holds wi', ,(p) #
w5 (q). Hence we have the following lemma.

Lemma 4.3. The value ¥ on G{, does not satisfy symmetry if there exist s, 1 < 's <
n, such that wi (p) # wg(q) forsome 1 < p,q <s,p #q.

Having in mind that the value ¥ does not satisfy symmetry in general, we
consider the following stronger version of symmetry:

Definition 4.2. Given a gamev € Gy, player i and j are called strongly symmetric
players if the following two conditions are fulfilled:

(i) v(S/,i") =v(S',iM) forall 1 <h <s+1,8' € Q,S" #1,j;
(i) v(S',iP,j9) =v(S',iP,i9) forall S’ € Q, S’ #1,j,1 <p,q <s+2,p #q.

A value ¢ is called strongly symmetric if ¢i(N,v) = &;(N,v) holds for any
strongly symmetric players i and j in the game v € Gy.

In the definition of strongly symmetric players, we had to add the new
condition (ii). This is because the coefficient wl*(h(1)) for coalition S’ € Q,
S’ 5 1 depends on a new parameter h(i), which indicates the position of
player i in the coalition S’. By using (4.8) it is easy to verify that:

Lemma 4.4. The value ¥ on G| satisfies the strongly symmetry.

However, whether these three properties, efficiency, null player property
and strong symmetry (possibly together with the linearity) are sufficient to
axiomatize the new value is still an open problem. From another point of
view, since the weighted-position value is an asymmetric value, one may
refer to the axiomatization for the generalized weighted Shapley value [5]
(which is also asymmetric) to search for possible ways to axiomatize the
value ¥ on §’. In the following subsection, we give an axiomatization to one
candidate of the position-weighted value.

4.1.3 Evans’ consistency and the new value

Recall Evans’ procedure introduced in Section 3.2. The approach taken is
that the solution of the game is to be determined endogenously as the ex-
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pected outcome of a reduction of the n-person game to a 2-person bargain-
ing problem. It turns out that if the whole process is subjected to uniform
distribution, and if the 2-person bargaining rule prescribes equal division
of the surplus, then there is a unique consistent allocation which is just the
classical Shapley value. This is the first result in Evans’ paper [20]. Later in-
stead of being partitioned into two coalitions, Evans considered the model
that players in the n-person game (N, v) are partitioned into n — 1 coalitions.
More precisely, two players i,j € N are randomly chosen to merge, with
each (unordered) pair (i,j) having equal probability of being chosen, and the
two merged players have equal probability of being chosen as representative.
Evans proved that the consistency together with the standard solution for
two-player games, uniquely characterize the Shapley value. The proof of the
result relies on the fact that the value characterized by these two properties
turns out to satisfy efficiency, linearity, symmetry and null player property.
These four properties axiomatize the Shapley value in [74].

In Chapter 3 we successfully extended Evans’ first approach, from the
classical game model to the generalized game model in which orders of
coalitions are taken into consideration. Now we try to use Evans’ second ap-
proach (instead of partitioning N into S and N\ S, randomly choose two play-
ers in N to merge) to characterize the generalized Shapley value. However
the value we obtained is not the generalized Shapley value. In the following
we will describe the whole process more precisely.

Consider any generalized game (N,v) € §’. Following Evans’ procedure,
two players are randomly chosen to merge, with each ordered pair having
equal probability (n(n — 1))~ of being chosen, and the two merged players
have equal probability of being chosen as a representative. Let y be the prob-
ability distribution that determines the selection of the two merged players
and the representative of these two players.

For any generalized game (N, v), fix a pair of players i and j, i,j € N,i #j.
Denote by (N (i;),V(ij)) the (n —1)-person game, where the player set N ;)
is derived from N by merging player i and j, and v(j;) is defined as follows.
To avoid the confusion of the player set, in this subsection, we use Qp to
denote the set of all ordered coalitions with player set N, and Oy ;, the set
of all possible ordered coalitions with player set N y;), i.e.,

On={S'€H(S)[SCN} and Qn,, =1{S" € H(S)|S C Nyl
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The corresponding characteristic function v(j5) : QN w) — Ris defined by

v(S") if S’ € Qn,.., and S’ ¥ (ij);
v(ij) (S7) = o) (4.9)
v(T") if S’ € QN(UJ and S’ > (ij),

where T' = (S’ \{(ij)},ihs/(ij),jhs/“j)“). Here h®'(ij) means the position
of player (ij) in S’. So coalition T’ is derived by deleting player (ij) from
coalition S’, while adding player i to the same position as (ij) in S’ and
adding player j just after i. In this way, we have t = s+ 1.

Let ¢ be a value for the game (N(jj),Vv(ij)). Then denote by
¢ (15)(N(ij),v(ij)) the payoff to the merged player (ij), and dr(Nij),v(ij))
the payoff to the single player k € N\ {(ij)}.

For any real number a € R, define

a if a>0;
ap =

0 ifa<o.

Reminding Evans’ consistency (see Definition 3.6) and the standard solution
for 2-person games (see (3.6)), we have the following result for a value on
the whole set G’ of generalized games.

Theorem 4.1. Let ¢ be a value for the generalized games (N,v) on G'. Then ¢
satisfies Evans’ consistency with respect to v and is the standard solution for 2-
person games, if and only if (N, v) = W(N,v) (see (4.3)), with specifically chosen
wg(h), 1 < h < s, defined recursively as follows:

142(s—h—1 142(h—2
wyhﬁ:'+§;l;))+w@fﬂhhujigéjgiqﬂfﬂh—n+mﬂm&hL
(4.10)
where
—1/(n(n—-2)) ifs=mn;
m(n,s, h) = 0 ifs:n—];

Mm—s—1)-wht'(h)/(m-2) fl<s<n—2



90

OTHER VALUES IN THE GENERALIZED MODEL

In the recursive formula (4.10), we require wi(c) = 0if b > a, orif ¢ <0

orc>b.
Proof of Theorem 4.1. Suppose ¢ satisfies Evans’ consistency with respect to y
and the 2-person standardness. We prove ¢ = V¥ for all generalized games
(N,v) by induction on n. Clearly ¢(N,v) = ¥(N,v) when n = 2, because
of the 2-person standardness. Suppose now ¢ coincides with ¥ for all gen-
eralized games with up to (n — 1)-person games, n > 3, and consider the
n-person case.

Note that, the two merged players are ordered and chosen form the grand
coalition, hence player i can either be chosen as one of the two merged play-
ers, or remains as a single player. If i is not chosen to merge, then some other
players k and 1 would be chosen to merge with probability 1/n(n— 1), where
k,1 € N and k # 1 # i. In this way, player i would get ¢;(N 1), V(1)) If iis
chosen to merge with another player k € N\ {i} with probability 1/n(n—1),
then either 1 is in front of k or i is after k, and each of these two players has
the same probability to be the leader. In this setting, for all i € N, player i’s
expected payoff x; is determined by the equation:

1
ST,

1 1
. [2 (d)(ik)(N(ik)/V(ik)) —Xk) + zxi}
keN\{i}

nn-1) keEN\{i}

1 1 1
+— Z {2 (‘b(ki)(N(ki)/V(ki)) —Xk) + zxi]

1
*m Z (N, Vi),

K, LEN\{i},
k£l

which is equivalent to,

1 1 1
Sy — Z 4 <2¢(ik)(N(ik)rV(ik)) + Ecb(ki)(N(ki)/V(ki)) — Xk +Xi)
KEN\{i}

1
*omT > biNpay vky)-

K LEN\{i},
kAL

(4.11)

We first show by induction that the solution of (4.11) satisfies the generalized
efficiency: ) ;N Xi = V¥(N). Clearly, when n = 2 the generalized efficiency
holds. Supposing that, for any game with up to (n — 1) players, the payoff x
satisfies the generalized efficiency, we consider the n-person case.
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Substituting (4.11) into the summation ) ;. xi. Using the fact that,

Z Z & (i) (N ik Z Z $ ki) (N(ki), viki)) and,

ieN keN\{i} ieN keN\{i}
> =) )
1EN keN\{i} ieEN keN\{i}
we have:

ZXI* Z Z ¢ (1) (N (11), V(ik))

ieN IEN keN\{i}

_1ZZ¢1 K-

1eEN KleN\{i},
kAL

(4.12)

Since

> > dunNagvi) = D ds/(Nisn,vis)),

ieEN keN\{i} S’eqy,
s=2

we can rewrite (4.12) as follows:

Z $s/(N Z Z $i(N(sr),v(sn)

s/eQN 1eN S’eqQn,S’#,
s=2 s=2

1
“nm—1) Z $s/(N V(sn)+ Z bl s1)

s’eQy., 1EN\S
s=2

Z s/ (N(sry) = 9(N).

S’e0y,
s=2
The second equality is due to the induction hypothesis, since (Ns/,vg/) with
S’ € O, s = 2isan (n—1)-person game. To show the last equality, consider
an arbitrary permutation N’ € H(N), say N’ = {(1,2,3,4,...,n)}. The coef-
ficient of v(N’) in ¥(N) is 1/n!.While on the left hand side, v(N’) appears
inV(12)(N12)) +923)(N23)) + - +9m—1:n) (N(n—1;n))- So the coefficient

of v(N') in ZS,EQN,SZZ Vs/(N(sy)is (n—1)- (n—"1)1)~". This proves the
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efficiency. So in view of efficiency (3 ;cn xi = V(N)), we can rewrite (4.11)
in the following way:

1
ey ) Z (d)(ik)(N(ik)rv(ik))+¢(ki)(N(ki)/V(ki)))
keN\{i}

: L (4.13)
+m Z d)i(N(kl),v(kU)_mv(N)‘

k,LeN\{i},
kAL

Denote by R the first summation and R; the second summation in (4.13),
then
1 1 1

T I —2) Ri+ nn-2) K2 n(n-2) PN (4:14)

Now ¥(N) can be regarded as a constant, so all the games on the right
hand side of this equation that need further discussion, say (N(ix),V(ix)),
(N ki), V(xi)) and (N(y1), Vk1)), are (n — 1)-person games. By the induction
hypothesis, ¢ coincides with ¥ for all generalized games with up to (n —1)-

persons. So we have

¢ i) (N(ix), Viik))

pnf]l pnfl
= > ﬁW?*](hﬁk))'V(ik)(S’)— > S vans)
S/EON (1) S'EON (11)
S$75(k) S/3(ik)
P i / Py’ /
SP = RETIRIIR =
T/eQp, T/31k, ’ sleon,
h(K)=h(i)+1,1 (i) <t—1 S

(4.15)

The last equality is due to the characteristic function v ;i defined by (4.9).
Similarly we can derive,

i) (N (ki) V(ki))

Py pr!

t— — .

= > - 2"w][111(h(1)—1)~v(T')— Y = v(S).
T'ean, T/aki, (t—2)! s’eQy, s

h(k)=h(i)—1,2<h (1)<t S/FkA



4.1 A NEW VALUE IN THE GENERALIZED MODEL 93

and,
d1(N ey, vixy)
P 1 (n (s P
= > 2 (h) (T~ Y Py
A (t=2)! (t—1)!
T/eQn. T/21k1, TleQy,
h(D)=h(k)+1,1<h(k)<t—1 TIFT/5k1
pnf]1 p“71
S— n—1 3 ! s /
T Z (s—1)! wg (h(1))-v(ST) — ol v(S")
S/eQN, S/EQN/
5/91,5/%,1 S/Ji,k,l

(4.17)

Substituting (4.15), (4.16) and (4.17) into (4.13), we find

pn—l
Ri= ) o wid () v
S’eQn.S'34,
s=2,h(1)#s

where in the last term in the latter equality, ("7 _1) is the possibilities in

choosing player k, k € S, k # i. Now we simplify R;. Let

Ro=T1+Th+T3+Ty

P > T2 wn ) (i) (S

k1EN\{i}, S’eQn.Saik L,
k£l h(D=h(k)+1,1<h(k)<s—1

—1
Pn_1 _ .
+ Y 3 TR '(h(i) - v(S")
KIENV(),  s’eqy,
k#AL 854,87 %k,1

n—1
P
- Z Z (55_11)1 V(s
KIEN\{i),  S'eOn,S/#1,5/3k1L, ’
k#1 h(l)=h(k)+1,1<h(k)<s—1

n—1

- Y Y B,

KIEN\(), S’eqy,
k#l NERS
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where T; to T4 denote the four summations in R;. We treat the four summa-
tions separately: Firstly for Ty. In this equation, the two cases h(kl) < h(i)
and h(kl) > h(i) are treated separately. If h(kl) < h(i) in S’, then there are
(h(i) —2) 4+ different choices in choosing (kl), since k and 1 should be next to
each other with k in front of 1; so if h(kl) > h(i), the number of choices for
(k1) is (s —h(i) — 1),. Hence

=Y (h(i)-2- (z)s_j)! "1 (h({) — 1) -v(S")
e pn71
) R =D ey Wi () (ST

s>3

Similarly we can get

S/EQN,S/ﬁ'i:
s<n—3

Now substituting these formulas for Ry, R into (4.14), we obtain a formula
for x;, which has the following form:

xi= ) AMh(i)-v(S)— Y  BL-v(S)),

S'eQn S’eQn,
= S/
where by Ry, T3 and Ty,
1 n—s—1\ pi! 1 Pn:1]
Blt—— 2. . Ps (s—1). 158
S “Inn—2) ( 1 ) 0 Tam—y TV o

1 n—s—1\ pt ' pp
+ '2'( 2 ) sl sl
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Now we discuss AL (h) based on Ry, Ty and T,. When s = n, for any 1 <
h<n,

An(h) _ 1 . p2:; .Wn—1 (h)—|— 1 . pg:; .Wn—1 (h—])
n 2nn—2) (n—2) ™1 nn—2) (n—2) 1
1 pE:; n—1
+ ey (h—2), - 2 -wp_(h—1)
1 PE:; n—1 1 1
Tam—y MM e Y Ty
_ Pn—1 n(h).

m—11 m

The last equality is according to (4.10). Whens =n—1,forany 1 <h<n—1,

R PR ey L PR )
n—1 nn—2) (n—3)1 n2 nn—2) (n—3)1 n2
1 pg:_l) n—1
+n(n_2)~(h—2)+ (n_s)!~wn72(h—1)
n—1
pn73 n—1 T’nfz n
oy e Ty e (W= sy e ()

The last equality is due to (4.10). When3 < s <n—2,forany 1 <h <s,

SV T n(n—=2) (s—2) s nn—2) (s—2)! s
1 p?:21 n—1
Tam—y Mg e (D
" 1 (s—h—1), - p;L:ZI 'Wn71(h)
nn—2) ° s —2) s
1 n—s P?:# 1 _ P?q n
+n<n_z)'2'< 2 )'(s_m'ws W=ty s

The last equality is according to (4.10). When s = 2, we have

1 Pe | n—2\ pil
n P . . TL —— . . . . TL
A = m— o™ U im—g 2\ 2 w2 (D
PT o

:T~W2(1) and,
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1 Po 1 n-2\ pit
n f— . . s —_—_— . . . e

A =smey o™ Uramm 2 v (@
- P
IR TEE

When s =1,

1 n=1\ pe ' a1y PO
n —_ —_— . . . . s —_ . n
AT = =g 2 ( 2 ) or Wi (= wi(h.
Hence x; = W¥;(N, V) for any i € N. This finishes the whole proof. O

If the recursive formula (4.10) holds, then for any 3-person game
{1,2,3},v) on G’ we have:

Y1 (N, v) =% v({123}) +v({132}) +v({231}) +v({32TH] + = [v({213}) +v({312})]

1
36"
+ ]lz[vmz}) (211 +v({13) + v(31)] — %[v({B}) +v((32))]

_ é[v({Z}) +v({3P] + %V(ﬂ})-
(4.18)

It shows how the “position factor” affects the value, that is, player 1 is more
“important” if he is in the first or the last position of coalition S’ > 1.
Concerning the recursive formula (4.10), we have the following result:

Lemma 4.5. The following relations holds for the coefficients wy (h) defined in
Theorem 4.1: for alln > 3,

wg(h) =wi(s+1—h) foralll1<s<n, 1<h<s. (4.19)

Proof. We prove by induction on n that (4.19) holds for all 1 < s < n—2,
1 < h < s. The other two cases s =n,n — 1 can be derived similarly. Clearly
(4.19) holds when n = 3. Suppose

Wi T h) =wh T (s+1—h) forall1<s<n—31<h<s,

then the following relations also hold:

—2,1<h<s—1;

?:1](8—11) forall2<s<n
2<s<n-22<h<s.

w
Wl (h—1) =wl(s— (h—1)) forall
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By (4.10) and the induction hypothesis, for all 2 < h < s —1, we find

2n—2)-wg(s+1—h)
=[1+2(h=2)4]- Wl (s+1—=R) +[1+2(s —h—1)4]- Wl (s —h)
+2n—s—1)-wg™
=1 +2M—=2)4]- W =1+ 0 +2(s —h—1)4]-wh ] ()

) s
+2n—s—1)-wg ' (h) =2(n—2)-wi(h)

O

The formula (4.18) for 3-person games clearly exemplifies the claim of
Lemma 4.5.

4.2 GENERALIZED ELS VALUE

Remind the ELS value introduced in Section 1.3.5, which is defined in the
classical game space Gn. The formula of the ELS value (see (1.13)), can be
rewritten as follows:

Oi(N,v) = ) (pfq-by) -v(S)— Y (ps-bl)-v(S), (4.20)
S

where B = {b} [ n € N\{0,1},s = 1,2,...,n} with b} = 1 is a collection
of constants. With respect to the efficiency, linearity, and symmetry in the
generalized game space Gy, we extend this ELS value to the generalized
game space in the following way:

Theorem 4.2. A value ®' : G}, — RN satisfies the generalized efficiency, linearity
and the generalized symmetry, if and only if there exists a (unique) collection of
constants B ={b' In € N\{0,1},s =1,2,...,n} with b}y = 1 such that, for any
ieN,

OUNV = Y (P b)Y w(s) - Y e Y s

SCN, ‘s SCN, ‘s
S S’eH(S) Sh S’eH(S)
(4.21)

Proof. Linearity is clear. Suppose the pair i,j € N are symmetric players.
Then v(S/,i") =v(S/,jM) forall S’ € Q, S’ #i,j, he{1,2,...,s+1} gives

o> vsh= D> > vsh

SCN, §/ SCN, g/
S50y, S’€H(S) SoTSH S’€H(S)
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Hence

DNV —D/(Nv)=| Y — > pg,rb;l-% > (s =o.

SCN, SCN, - S’eH(S)
S31,5%)  $35,5%i

This proves the generalized symmetry. Next we show that @’ satisfies the
generalized efficiency: for any v € G,

> ®{(N,v)

ieN

1 1
PN DI SRS R D NN R M RS R D WED
teN SS%T’ " S'EH(S) Ss%’\il' " S’eH(S)

1 1
DI DI RN P I SERICEED WIS B I W ED
seN \ies " S’eH(S) i¢gs S’€H(S)

Ssizl S’eH(S) Zir; S’eH(S)
1 /
= > v\
N’/eH(N)

This completes the sufficiency proof. Now we show the uniqueness. Suppose
there is another value ¢ on Gy satisfying the generalized efficiency, linearity
and the generalize symmetry. With every ordered coalition T’ € Q, T’ # 0,
there is an associated zero-one game (N, er/) defined by er/(T') = 1 and
er/(S') =0forall S’ # T’ Since v(S") =} rcn 2 ren(m) V(T') - eq/(S') for
all S’ € Q, allv € G|, by linearity we have

bi(N,v) = di(N, Y Z cer)=) Y v(T)-di(Ner),

TCN T/€H(T TCN T/€H(T)

for all i € N. Next we determine ¢;(N, et/). Fixing the coalition T' € Q,
by symmetry we know that players in T’ as well as players outside T’ get
the fixed payoff respectively, which only depends on the size of T’. Then by
efficiency, (4.21) is derived. O

Remind that in Section 1.3.5, we introduced a new interpretation of the
classical ELS value, given by Nembua [56]. Nembua regards the classical ELS
value as a procedure to distribute the marginal contribution of the incoming
player among the incoming players and the original members of a coalition
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S. Here we generalize this point of view from the classical game space Gy to
the generalized game space 9y.

Theorem 4.3. A value & on G| satisfies the generalized efficiency, linearity and
symmetry if and only if there exists a (unique) collection of constants 0(s)y_; with
0(1) =1 such that forany i € N,

di(N,v) = Z Pe_1 ~A?(S)(S). (4.22)
SEN.
o1

Here A.Ie(s)(S) =v({i}) if s = 1, otherwise if s > 1

A?(S)(S)—G(s)~<1| ) v(S’)—(SjU. > V(Sl\{i}))
s)

S:
S’eH(S)

1—-06(s) 1 , 1 .
1 2 (s, > V(S = > (s \{)})).

jes\{i} \ ~ S’eH(S) " S/€H(S)

Proof. Substituting the formula for A?(S)

bn_ forall 0 < s < n—1, then it is easy to find that (4.22) coincides with
(4.21). O

into (4.22), and letting 8(s + 1) =

Besides this generalization, the notion of potential which is discussed in
Section 2.1, can also be generalized to the new game space Gy,. Analogous
to Definition 2.1, a function Q' : ' — R is called a potential function (asso-
ciated with any three sequences «, 3,y of real numbers), if Q’(() = 0 and for
any game (N, v),

1
2 DiQNNVI=— 3 v(N').
ieN N’/EH(N)
Here the i-th component D;Q’ : §’ — R of the modified gradient DQ’ =
(DiQ")ien is given by

(DiQ)IN,Y) = onQ(N,) = BnQ (N\ (i v) = 1% 5~ Q/(N\ (i} v). (423)
JEN
The following results are based on Theorem 2.2. We omit the proof since it

is similar to the proof of Theorem 2.2.

Theorem 4.4. Suppose the value ¢ on G has a modified potential representation
of the form (4.23) (associated with three sequences «, 3,y of real numbers). Then
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100 OTHER VALUES IN THE GENERALIZED MODEL

(i) the corresponding potential function Q' : G’ — R satisfies the recursive for-
mula

QN = Y N+ B 5 g )

noén - N
n N’eH(N) jEN

forallv e G, with n > 2. This recursive relationship for the potential func-
tion Q’ : §" — R is solved by

=) p 1qs~ =Y wS) forallve S,

SCN S’eH(S)
where p and q are sequences defined by (2.6) and (2.7) separately.

(ii) the underlying value ¢ on G’ is determined as follows:

BNV =L Y W

" N’eH(N)
s+1
:
PRl oo X Zv
SSN\{i) Psrénis
Z Psds ], Z v(S') forallv e Gy, allie N.
SQN\{I} s S’EH(S)

Moreover without changing the proof, it is easy to verify that the state-
ments of Theorem 2.4 hold in the generalized game space §'y, if we replace
the modified potential representation of the form (2.3) by form (4.23).

Recall that in Section 3.2, we used a procedure (based on a procedure in-
troduced by Evans [20] in the classical game space) to obtain the generalized
Shapley value. More precisely for game v € G{, in the first step, one permu-
tation N’ is fixed; in the second step, two subcoalitions S’ and N’ \ S’ are
chosen according to N’; in the next step each subcoalition selects one leader,
and between the two leaders a bargaining process is defined. The rule is that
the solution of the two-person bargaining process is standard (see Definition
3.7), and each leader gives the remaining players in his own subcoalition
a certain amount of utility. However if we change the standard two-person
bargaining solution (3.7) by

Ny (v) = bl -v(S") + % (b -9(N) = b - v(S") —bp_s - v(N'\S));
MR/ (v) = BTy VN S) 4 3 (b3 5(N) — bR w(N'\S') b -v(S")),
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then similar arguments as in the proof of Theorem 3.1 lead to the following
result:

Theorem 4.5. A feasible payoff vector x € R™ is consistent with (f,n) in the
generalized game (N,v) if and only if x is the generalized ELS value (4.21).

4.3 GENERALIZED CORE AND WEBER SET

In this section, we also extend two well-know sets of solutions for classical co-
operative games to generalized cooperative games: The Core (see (1.4)) and
the Weber Set (see Section 1.3.3). Denote by C(v) and W(v) the Core and the
Weber Set respectively, for the classical game v € §. We now introduce the
generalized Core C’(v), and the generalized Weber Set W’(v) respectively,
for the generalized game v € G’. Note that in the classical case, C(v) C W(v)
for any v € Gy, and the equality holds when v is a convex game, i.e., when
v(SU{i}) =v(S) < v(TU{i}) —v(T) forany i € N, S C T C N\ {i}. We will dis-
cuss in the following, whether these relations hold in the generalized game
space.

Definition 4.3. For any generalized game v € GY,, the generalized Core C’(v) is
the set of vectors x € R™, satisfying

in:% Z v(N")  and

ieN " N/EH(N)

1
ZXi}E Z v(8') forany S S N.
ies S/EH(S)

Denote by TTN the set of all permutations 7t : N — N on the player set N.
Given a permutation 7 € TTN, and assigning a rank number 7t(i) to player 1,
we denote by 7t the set of all predecessors, i.e., it ={j € N|7n(j) < m(i)}. The
marginal contribution m™(v) on RN of v € §{, with respect to a permutation
7€ TN is given by

1 1 .
ml(v) = Tl Z v(S’)—m Z v(S’) foranyie N.
S/eH(mt) S'eH(m\{i})
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Definition 4.4. The generalized Weber Set for any v € G, is the convex hull of
all marginal contribution vectors:

W/ (v) = Conv{m™(v) | e TIN).

We show now, based on the proof given by Derks [11], that also in the
generalized game space §’, the core is always a subset of the Weber set. We
need the following lemma from convex analysis.

Lemma 4.6. [67] (Separation Theorem) Let Z C IR™ be a closed convex set and
let x € R™\ Z. Then there is a vector y € R™ such that y-z > y - x for every
zel

Theorem 4.6. The conclusion C'(v) € W’(v) holds for any v € Gy.

Proof. Suppose there is an x € C’(v) \ W/(v). By the Separation Theorem,

there exists a vector y € RN such that w-y > x -y for every w € W/(v). In

particular m™ -y > x -y for every m € TIN. Let 7t € TTN with Yr(1) 2 Yr(2) 2
> Yn(n)- By substituting the formula of m*(v) we have,

n
1 1
m” .y :ZUn(i) [ Z V(S/)—i(ml'_ il Z v(S')
i=1 T S/eH () S’eH (mi\{i})
1
“Yr) ;D VIN) =Yy (D)
" N’/eH(N)
n—1
1
+Z(Uﬁ(i)*yﬁ(i+1))'w Z v(S).
i=1 " S’eH(mth)

Since x € C’(v),

n—1

n i
M"Y UYn(n) D Xn(j) + Z (Un(t) = Yr(ien) D Xn(j)
= =

i

X7e(j Zyﬂ ZXT[

]71 j=1

n

n
Z %) =Xy,
which contradicts our assumption. O

Next we shown the Core and the Weber Set coincide for convex general-

ized games.



4.3 GENERALIZED CORE AND WEBER SET

Definition 4.5. A game v € 91/\1 is called convex if foranyi € N, S C T C N\ {i},

s+1

-y Z( (8/,i%) —v(s")

S/eH
1 t+1
STl X (v, i —v(m)

" T/eH(T) h=1

This definition is a generalization of the classical convex game. Now we
can prove the following equivalence relation, based on Shapley [77] and Ichi-

ishi [33].
Theorem 4.7. For any v € G{, the game v is convex if and only if C'(v) = W'(v).

Proof. Suppose v € Gy, is convex. By Theorem 4.6, it is sufficient to show
that each marginal vector m™(v) is in the core. Let S C N be arbitrary, say
S={i1,...,is}. For any 1 < k < s, define Sy ={iy,..., ik}, Tk« ={1,..., i}

By Definition 4.5,

! / ! /

R LU Y

Sl (S — 11,

€H(S) S’eH(Sx—1)
1 1
—_ _ v(T’
w2 T e, e M
€H(Ti—1)

=m (v).

Summing these inequalities from k = 1 to k = s yields,

.I S
52 VSN ) mEw) =3 mlw)
S’eH(S) k=1 i€s
which gives m™(v) € C'(v).
For the converse, suppose m™(v) € C’(v) for any v € g{;, and we let
S, T C N be arbitrary. Order the players of N as follows:

N = {i]/- . -/ik/ik+1/- . -/il/il+1/~ . ~/iS/iS+1/' . '/in}/
—_——
SNT T\S S\T N\ (SUT)
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104 OTHER VALUES IN THE GENERALIZED MODEL

which gives a permutation 7 with corresponding vector m(v) = m”™(v). Since
m(v) € C'(v),

k s
LY v Y mib =Y myw+ Y myw)

T S/EH(S) i€s$ j=1 j=1+1
_ 1 / ] / ] /
= Z‘ V(S)—WL' ZA v(5)+—mis| ZA v(S)
S’eH (7t'x) S’eH (') S’eH(7tts)
1 1 1
- S — — S 4+ —— S").
sam > V- 2 v tgoE 2 S
S’eH(SNT) S’eH(T) S’eH(SUT)
Hence v is convex. O

4.4 CONCLUSION

All characterizations in this chapter are given in the generalized game space.
We define a so-called position-weighted value, which satisfies the efficiency,
null player property, and a modified symmetry (different from the one de-
fined by Sanchez and Bergantinos [70]). A second procedure of Evans [20]
(different from the one introduced in Chapter 3) is generalized to the new
game space: Instead of being partitioned into two subcoalitions (as we dis-
cussed in the Chapter 3), the player set are partitioned into n — 1 coalitions;
that is, two players are randomly chosen to merge, with each ordered pair
having equal probability of being chosen, and then the two merged players
have equal probability of being chosen as representative. We prove the expec-
tation of this procedure is just one candidate of the position-weighted value,
when 2-person standardness is satisfied.

The ELS values are generalized to the new game space, and an axioma-
tization is given using a modified two-person standard solution and Evans’
consistency. Later we define the Core and Weber Set in the generalized game
space. It is shown that as in the classical case, the generalized Core is a subset
of the generalized Weber Set, and moreover the equality holds if the game
we considered satisfies generalized convexity.



VALUES IN THE MULTIPLICATIVE MODEL

ABSTRACT - This chapter focuses on strictly positive games, such that
the payoffs to players are treated in a multiplicative way, instead of the usual
additive way. We introduce MEMS values as values on the multiplicative
game space satisfying multiplicative efficiency, multiplicativity, and symme-
try. This MEMS value is the generalization of the ELS value in the classical
game space. We characterize the MEMS values by a potential representation.
Another axiomatization for the MEMS value is given using multiplicative
preservation of ratios and the multiplicative efficiency. The multiplicative
Shapley value defined by Ortmann [63], is axiomatized by multiplicative
efficiency, multiplicativity, symmetry and the multiplicative dummy player
property. The Least Square value is also generalized to this game space.

5.1 INTRODUCTION TO THE MULTIPLICATIVE MODEL

In the real world, car insurance is designed to provide cover against losses
and liabilities that drivers may suffer in the event of an accident, theft or cer-
tain other events related to their vehicles. The aim of the insurance company
is to figure out the drivers’ expected claim frequency and claim amount, in
order to make a good anticipation. Both the additive and the multiplicative
model are applied to analyze such a car insurance problem. Brockman and
Wright [8] pointed out the advantages of the multiplicative model, since they
believe that simplicity can be achieved (fewer interaction terms) without a
major sacrifice in accuracy by using the multiplicative approach. The statis-
tical modeling technique and the package GLIM are used by Brockman and
Wright, in order to estimate risk for past claims data.

Different from such a probabilistic approach, Ortmann [63] studied the mo-
tor insurance pricing by a positive cooperative TU game model with finitely
many players. He characterized and analyzed a solution concept which is
related to the well known Shapley value in a multiplicative setting, provided
all players are using the same utility scale. Some elementary properties of
solutions in the additive case are transformed into new properties in the
multiplicative case, in order to characterize values in the multiplicative case.
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Also in our multiplicative model, we use the efficiency defined in the multi-
plicative setting introduced by Ortmann [63].

Example 5.1. [63] In most practical situations, correlations and interactions of
rating factors have to be taken into account. For instance, the scaling factor for
a young driver may be 1.5, the factor for a powerful car 1.2 and the factor for a
combination of a young driver in a powerful car maybe 2.2. Hence the risk premium
for a young driver in a powerful car would be the product of these three factors, i.e.,
3.96 times the base premium. Let player 1 denote to be young and let player 2 denote
driving a powerful car. Then we have a two-person cooperative game ({1, 2},v) whose
characteristic function is defined by v({1}) = 1.5, v({2}) = 1.2 and v({1,2}) = 3.96.
The value of player 1 for this game can be regarded as how much of this total increase
over the base premium is attributable to being young.

In the multiplicative model, a cooperative game is an ordered pair (N, V),
where N is a nonempty, finite set of players, and v : 2N — R is a characteristic
function satisfying v(f)) = 1. According to Ortmann [63], this multiplicative
setting requires all players to use the same scale. Rather than measuring
absolute values, the power of a coalition is determined as a multiple of the
power of the empty set, hence we set v()) = 1 without loss of generality,
instead of v()) = 0 in the classical case. Since the evaluation of payoffs to
players is supposed to be done in a multiplicative way (through quotients)
instead of the traditional additive way (through differences), we focus on
games with strictly positive characteristic functions, i.e., v(S) > 0 for all
S C N. Let 9;{] be the class of all strictly positive cooperative games (N, v),
v(0) =1, and G the universal space of strictly positive cooperative games.

We mention now some desirable properties that will be used later to char-
acterize values in the multiplicative setting. Note that the multiplicative effi-
ciency, multiplicativity respectively are the generalizations of the efficiency
and linearity in the additive case (with respect to game space 9) to the mul-
tiplicative case (with respect to game space §T).

Definition 5.1. A value ¢ on 9?; is said to satisfy

(i) multiplicative efficiency® if

[T oe(NV) =v(N) forallv e Sy,. (5.1)

ieN

1 This property is called geometrical efficiency in Ortmann [63].
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(it) multiplicativity if
i (N, vE-wP) = (bi(N,v)® - (bi(N,w))?, (5.2)

forallv,w € G{,,alli € N,and all a,b € R, .

Symmetry for values on 57, is defined as in the additive model (cf. Section
1.3.1, property (vi)).

5.2 THE MEMS VALUE

Recall the ELS value introduced in Section 1.3.5. We already generalized such
a concept to the generalized game space G’ in Chapter 4. Now we aim to
generalize the ELS value to the multiplicative game space §*. In the current
setting, with any game (N,v) € G there is associated the game (N, In(v))
given by (In(v))(S) = In(v(S)) for all S C N. Note that v()) = 1, whereas
(In(v))(0) = 0. Moreover, the multiplicativity property (5.2) is equivalent to

$i (N, V)L gty — (In(bi(NV)) | gin(bi(Nw)) (5.3)

for all (N,v),(N,w) € §*, alli € N, and all ¢,d € Ry . This equivalence
relation can be simply derived using the fact:

In(v)

a"™) —yInla) foralla e Ry, all (N,v) € §F.

The equivalent multiplicativity property (5.3) is used to prove the following
result (See Theorem 2.3 for the corresponding statement for ELS values.):

Theorem 5.1. A value @ : G — RN satisfies multiplicative efficiency, mul-
tiplicativity, and symmetry if and only if there exists a collection of real numbers
{od Is=1,2,...,n}with bt =1 such that

[Tscn, (v(S))Ps—1°b%

+ _ S>i + .
O (N,v) = HSS%N (V(S))PEEF forall (N,v) € ST andallie N. (5.4)

Proof. With every coalition T C N, T # (), there are associated the two zero-
one games (N, et) and (N, f1) respectively, with er(T) =1, e1(S) = 0 for all
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S#T,and f1(T) =e, f1(S) =1 for all S # T. Obviously, the multiplicative
game representation is as follows:

v= H (v(T))¢T while et =In(fy) forall TC N, T #0.

TCN,
T#0

From this multiplicative decomposition, together with the multiplicativity
for ®* of the form (5.3), it follows

O (N,v) = O (N, H = O (N, H J)in(rr))
TCN, TCN,
T#0 T#0
= H (v(T))(@E NFD) for all (N,v) and alli € N. (5.5)
TCN,
T40

Next we determine d)iF (N, f1). Fix the coalition T C N, T # (). Denote its car-
dinality by t. Without going into details, because of the symmetry property
of the value @7, players within and outside T respectively are said to form
two symmetrical groups such that ®;" (N, f1) = a; for all i € T as well as
@?(N,fT) =: by for all i € N\T. Due to the multiplicative efficiency of the
value @ applied to the game (N, f1), it holds that (a¢)* - (b¢)™* = f1(N).
In case T = N, all the players are symmetrical in the game (N, fy) and thus,
®i+(N,fN) = exp(1/n) for all i € N. For any T # N, the multiplicative ef-
ficiency constraint reduces to (a¢)' - (by)™* = fr(N) = 1 or equivalently,
t-In(at) + (n—1) -In(by) = In(1) = 0 and hence, In(b¢) = —t-In(a¢)/(n—t).
Substituting the new data into the fundamental relation (5.5), yields the fol-
lowing:

O (N,v) = (v(N)) ™ - [T o(m)mi®E N T oyl @ (Nfr)

TSN, TCN\{il,
Toi T#0
1

=N T vnted . TT myinee)
TSN, TCN\{i},
Toi TA0

= (V(N))% . H (V(T))ln(at) . H (V(T))n;jt'ln(at)_
TSN, TCN\{i),
Toi T#0)

The latter expression is of the form (5.4) whenever p7" ; - by = In(as) for all
1 < s < n—1. Itis left to the reader to verify that any value of the form
(5.4) satisfies the multiplicativity property (5.2) as well as the multiplicative
efficiency. O
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We call the class of values satisfying multiplicative efficiency, multiplica-
tivity and symmetry the MEMS value, which is the generalization of the ELS
value of the form (1.13). Note that, the so-called multiplicative Shapley value
Sh™ [63] arises by choosing bl' = 1 for all 1 < s < n. Then (5.4) can be
rewritten as

N\ Ps
Shif(N,v) = H VSUi) for all (N,v) € 6™ and all i € N.
b 2\ Vv(S)
SEN\{i}

(5.6)
The multiplicative Shapley value Sh is the counterpart of the well-known
(additive) Shapley value (cf. Section 1.3.2). Their mutual interrelationship is
given by

Shi" (N,v) = exp(Shi(N,In(v)) forall (N,v) € G" and allie N.

Recall the interpretation of the ELS value in the classical game space G due
to Nembua [56]. In Section 4.2 we have extended his concept to the general-
ized game space G/, in which the orders of players entering into the game
influences the worth of that coalition. Now we extend Nembua's interpreta-
tion of the ELS value to the new game space §7:

Theorem 5.2. A value ¢ on G| verifies the multiplicative efficiency, multiplica-
tivity and symmetry if and only if there exists a (unique) collection of constants
0(s)y_; with ©(1) = 1 such that for any i € N,

o) = [T (A9)7. 57

Here A?(S)(S) =v({i}) if s = 1, otherwise if s > 1

1-6(s)

0(s)er [ V(S) \° Vv(S) o
A (S)‘<v(5\{m> 1L St

jeS\{i}

(s)

Proof. Substituting the formula for Aie into (5.7), and letting 8(s +1) =

bh_s forall 0 < s < n—1, then it is easy to find that (5.7) coincides with
(5-3)- O
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5.2.1 Potential characterization of the MEMS value

Hart and Mas-Colell [31] characterized the Shapley value by means of a
potential in the classical game space. An analogous characterization for the
ELS value has been found in Section 2.1. We also gave a generalization of
the potential concept for the ELS value in the generalized game space G’
in Section 4.2. Here we aim to give the potential characterization for the
MEMS value in the multiplicative setting. Now, consider three sequences
o= (o )keN, B = (Br)keN, Y = (Yk)xeN of real numbers satisfying o1 =1
and oy # 0 for all k > 2, and a function Q" : G — R on the universal game
space G satisfying Q™ (0,v) = 1.

Definition 5.2. A function Q" : G — R on the universal game space G satisfy-
ing Q1 (0,v) = 1is called a generalized multiplicative potential function (associated
with any three sequences «, (3, vy of real numbers), if its generalized multiplicative
gradient satisfies the multiplicative efficiency constraint:

[T(D:iQ")(N,v) =v(N)  forall (N,v) € G". (5.8)

ieN

The i-th component (D;Q™) : G — R of the generalized multiplicative gradient
DQ*" = (DiQ")ien, is given by:

(DiQF)(N,v) = (QT(N,v)) ™" - (Q+(N\{i}lv))_ﬁn : H (QJF(N\{J'},V)YT ,
JEN
(5.9)
forall (N,v) € G*,1€ N.

By a similar discussion as in Section 1.3.5, we tacitly assume 3, # O.
We say that a value ¢ on G has a generalized multiplicative potential
representation, if there exist three sequences « = (ax)keN, B = (Pk)keN,
Y = (Yk)kenN of real numbers satisfying oty = 1 and oy # 0 for all k > 2, as
well as a generalized multiplicative potential function Q* : §* — R as in
Definition 5.2 such that ¢i(N,v) = (D;Q")(N,v) for all (N,v) € §" and all
ieN.

Lemma 5.1. Let Q1 (N, v) be a generalized multiplicative potential function (as in
Definition 5.2), then Qt : G — R satisfies the recursive formula

QTN W)™ =v(N) - [T (QIN\GL V)P ™ forall (N,v) € G+, n > 2.
jEN
(5.10)
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This recursive relationship for the potential function Q* : 7 — R is solved by

QT(N,v) = ] w(s)P=-195 forall (N,v) € §7, (5.11)
SCN

where p and q are sequences defined by (2.6) and (2.7) separately.

Theorem 5.3. If a value & on Gy has a generalized multiplicative potential rep-
resentation of the form (5.9), then the underlying value & on Gy is determined as

follows:
n—1 Brn

[Tscn, (v(S))Ps-1795

[Tscw, (v(S))Psas™

2=

$i(N,v) = (v(N)) . , (5.12)

forall (N,v) € G and all i € N.

The proof of this theorem is similar to the one of Theorem 2.2. More-
over without changing the proof, it is easy to see that Theorem 2.4 holds
in the multiplicative game space Gy, if we replace the modified potential
representation of the form (2.3) by the form (5.9). In this setting, we can ob-
tain the multiplicative Shapley value of the form (5.6), if we choose by =1,
Bst1 =&, Ys+1 =0, q5 = 1/an, and so, any multiplicative potential repre-
sentation of Sh*(N,v) is of the form

Shi (N,v) = (QT(N,v))™™ - (QT(N\{i},v)) ",

and N
Ps1

QT(Nv) = [T w(s)) =

SCN

The simplest choice &, =1 for all n > 1 yields the multiplicative counterpart
of Hart and Mas-Colell’s potential representation of the additive Shapley
value given by Shi(N,v) = P(N,v) — P(N\{i},v) together with the potential
function P(N,v) = ZSQN pe_ - v(S).

5.2.2  Multiplicative preservation of generalized ratios

Myerson [52] introduced the balanced contribution property (also called fair
allocation rule) in the additive model as follows: for any game (N,v) € G,
and any player i,j € N, i # j, the difference between the value of player i
in the original game and that in the reduced (n — 1)-person game, excluding
player j, is equivalent to the difference between the value of player j in the
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original game and that in the reduced (n — 1)-person game, excluding player
i. More precisely,

Definition 5.3. Value ¢ on § satisfies the balanced contribution property, if
(N, v) = di(N\{j}, v) = b5 (N, v) — &5 (N\ {i}, v),

forall (N,v) € §,1,j € N, i#].

This property together with the additive efficiency, are used to characterize
the additive Shapley value. Hart and Mas-Colell [31] pointed out that it is
preferable to preserve ratios rather than differences, if the players use the
same utility scale. Ortmann [63] then generalized the balanced contribution
property to the multiplicative case under the new name, preservation of ratio.
We will generalize the concept of preservation of ratios, such that, together
with multiplicative efficiency, it can be applied to characterize the MEMS
value. The potential representation of the MEMS value we derived in last
section is used in order to study this property.

Lemma 5.2. Any value ¢ on G which has a generalized multiplicative poten-
tial representation of the form (5.9) with respect to three sequences & = (i )xeN,
B = (Br)ken, and v = (Y )xeN Of real numbers, satisfies the following general-
ized multiplicative balanced contributions property (also known as preservation of
generalized ratios): for all (N,v) € 1 and every pair {i,j}, 1 # j, of players

G\, V) - (0 (N\GLV) ™ T (d:(N\{k],v) ™

keN\{ij}
= &NV - (o N\EY) ™ T (e5(N\ILv) ™, (5.13)
keN\{i,j}
where
_ Pn _ Pn ] Yn—1
o= Kn—1 and = Brn—1 (n*”'o‘nf]' (514)

Proof. Fix the game (N,v) on G, as well as the pair {i,j} of players in N.
Because of the potential representation of the form (5.9) applied to both
&(N,v) and ¢(N\{k},v), k € N, the following holds,

diN,v) <Q+(N\{j},v))f’“ < el as
o;(Nv) — \QF(N\(DL )

(
(

$i(N\{k}, v) (Q+ N\, ki, v)

— \ QT N\, kL)

anl
m ) for all k € N\{i, j}.
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Further, we obtain,

G (NGL V) = (QF (N[}, v) ™"+ (QF (N\(i, j}, v) P

[T (@ NGk =T,

keNA{j}

as well as

b3 (N\{L},v) = (QT(N\{i},v)) ™" - (QF (N\{i,j},v)) P
[T (@ MN\Ekw) =T,

keN\{i}

and so,

¢; (N\{i},v) (Q*(N\{i},v))““1 . H (W)m
SNV QPN 4t \QT NG )
We conclude

bi(N,v) <¢j(N\{i},vJ>r“. 11 (cbj(N\{k},v))‘n

d))(N/V) d)l(N\{]}rv) KeEN\(Lj} d)l(N\{k},V)
<Q+(N\{J’},v))‘3“. 11 <Q+(N\{i,k},v)>t“'ﬁ“-‘
QNI ity \QF NG K V)
.(Qﬂw\ﬁ},v))“'“n’_ 1 (Q*(N\{j,k},\»)y“'m
QT (NG, v) weniny \QT (N K] v)
(Q*(N\{j},v))ﬁn‘w“
QF(N\(i,v)
Q+(N\{i,k},v)>t“'ﬁ“1r“'y‘?—‘] q
keNr\[{i,j} (Q*(N\{J’,k},v)
ifrn-on g =Bnand tn Pn1=Tn-yYn1/(n—1). O

Theorem 5.4. The value ¢ on G which has a generalized multiplicative potential
representation of the form (5.9) with respect to three sequences & = (X )xeN, B =
(Br)ken, and v = (Yx)keN of real numbers, is the unique value that satisfies the
multiplicative efficiency and the preservation of generalized ratios of the form (5.13).

Proof. Suppose two values ¢ and P on G both satisfy multiplicative effi-
ciency and preservation of generalized ratios. We prove by induction on the
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number of players that P(N,v) = ¢(N,v) for all (N,v). The induction steps
start with the 1-person game, which is trivial due to efficiency. Let (N, v) be
any n-person game, n > 2, and consider any pair {i, j} of players. By the in-
duction hypothesis, suppose both values coincide for (n — 1)-person games.
By the preservation of generalized ratios for both values, it follows

Pi(N,v) (‘-l))( \{I}V))T erN\{”}(ll)) N\{k}v)t“

VNV @ (NGL Y™ - Tleeny o 5y (i (NVKE V)™
(@ MNDV)™  TTeengig) (05N V)™ gy (N, )
T @ NGL YD  TTeen iy (@i NI,V ¢i(N,v)°

Write xx = P (N,v) and yx = ¢k (N,v) for all k € N. In summary, by
preservation of generalized ratios, it holds x;/x; = y;/y; for any pair {i,j}.
Fix 1 € N. Multiplying over all pairs {i,j}, j # 1, yields

[Lien%  Tlienys

(xi)™ (y)m

Note that

[Tx=viNy=TTv

JEN jEN
due to the multiplicative efficiency of both values ¢ and . Hence x; = yj.
That is, P (N,v) = ¢i(N,v) for all i € N. O

Theorem 5.5. Let sequences o = (o )xeN, B = (Bx)keN,Y = (Yk)ken with
oy = 1and oy # 0 forall k > 2 be given. A value ¢ on G satisfies preservation of

generalized ratios of the form (5.13) with respect to the two sequences v = (T )keN,
t = (tx)kenN, of real numbers given by (5.14), if and only if the value ¢ admits a
generalized multiplicative potential representation of the form (5.9).

Proof. The implication “<=" is already treated in Lemma 5.2. Here we prove
the remaining implication “=". For that purpose, suppose that the value
¢ on G satisfies preservation of generalized ratios of the form (5.13) and
define the function Q" : G+ — R by

Yn
QT (N,v) = (bs(N,v)) o - (Q* (N\(i), V)) T (@ (N\{K), v)) meom
keN
(5.15)
Then Q7 is a generalized multiplicative potential representation of the value

¢ of the form (5.13) (cf. (5.9) after solving with respect to ¢;(N,v)) provided
Q™ is well-defined. We prove by induction on the number of players that
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Q™ is well-defined. The induction basis for 1-person game is correct due to
Q™ (0,v) =1 as well as «; = 1. Let (N, v) be any n-person game with n > 2.
By the induction hypothesis, Q* is well-defined for (n — 1)-person games.
That is, it holds for all pairs {i, j}, i # j, of players

(NG} v) = (Q NV, v) ™" - (QF (NG, g, v)) ~*n
[T (@ NGk =T (5.16)

keEN\{}
By the preservation of generalized ratios of the value ¢, it holds for all
pairs {i,j}, i #j,
bi(N,v) ([ DN\GLV)™ - TTien i i) (i (N\{KL )™

= = . (5.17)
diN,V) (5 (N\{i},v) ™ - [Tkenngijy (¢ (N\{k},v))"™

Our purpose is to show that the definition of Q" in (5.15) does not depend
on the choice of any player, i.e., for every pair {i,j}, 1 # j, we must have:

b1 (N, v) - (QF (N v) P = 5 (N, v) - (Q* (N\(j},v) P,

or equivalently,

. . B'ﬂ.
Gi(N,v) _ <Q+(N\{J},V)) ‘ (5.18)

$5(N, v) QT (N\{i},v)

Fix the pair {i,j}, i # j. On one hand, from (5.16) applied twice, together with
(5.14), we derive

(dh(N\{J'},V))T“
d5 (N\{i}, v)

_ (L (HKGN\U}QHN\{M}N)) B

QT (N\{i},v) [ Teenngiy QT (NA{L, Kk}, v)
_ (Qw\w)ﬁn (erN\ﬁ,ﬂQ(N\ﬁ,k}/v) )ﬁ
_ (NG | ,

QT (N\{i},v) [Teengiyy QT (N\{i kv
On the other hand, from (5.16) applied twice, we derive

G(N\(Lv)\ ™ _ <W>s
11 (‘Pi(N\{k}er - 11 (g '

keN\{i,j} keN\{i,j}
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From the latter two equalities, together with (5.17), we conclude that (5.18)
holds. Hence, Q" is well-defined. O

5.2.3 Comparison with the additive model

Similar to the potential characterization for the ELS value on § derived in
Section 2.1, we have the following result for the MEMS values:

Theorem 5.6. A value ®* on G| has a generalized multiplicative potential rep-
resentation of the form (5.9) with generalized multiplicative potential function
Q" : §* — R if and only if the corresponding value In(®") has a generalized
additive potential representation of the form (2.3) with additive potential function
Q=In(Q"):§—>R.

Here the value In(®*) is defined by (In(®1));(N,v) = In(®; (N, v)) for all
(N,v) € G, all i € N, and the additive potential function In(Q™") is defined by
(In(Q™))(N,v) =In(Q*(N,v)) forall (N,v) € G.

Proof. The following equivalences hold true: for all (N,v) € G" and alli € N,

OF (N,v) = (QF(N,v)) ™™ - (QF(N\{i},v)) (11 QT (N\{}, v)) T,

je

if and only if

In(@F (N,v) =1In [ (QF(N,v)™™ - (QF(N\{i},v)) (161N QT (N\(j}, v)) - ,
j

if and only if

(In(®*))i(N,v) = an - In(Q* (N, v)) = B - In (QT (N\(i}, v))
~ " n (.H Q+(N\{j},v)> :

jeN

if and only if

(In(®*))i(N,v) = o - (In(QF))(N,v) — By - (In(Q ) (N\(i), v)
— T3 (n(Q NNV, V)

JEN
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Comparing the ELS value of the form (1.13) in the classical game space G,
with the MEMS value of the form (5.4) in the multiplicative game space §7,
we have the following result:

Theorem 5.7. The following transformation defines a one-to-one correspondence
between the ELS value @ of the form (1.13) and the MEMS value ® of the form

(5.4):
O (N,v) = exp(@i(N,In(v))) or equivalently,In (@ (N,v)) = ®;(N, In(v)).

Proof. Let (N,v) € G" and i € N. Starting from (5.4) in terms of the In
function, we obtain by straightforward computations the following:

In (®F(N,v)) = ic
1 4 H psn b“
slégl

= In| TP | —In| TT v(s)P= 0%

SCN, SCN,

ies igs
— Z In ((v(g))P?q'b?) _ Z In ((V(g))P?-b‘s‘)
fe];’ 51%1;1/

= Y (ply-bY)-In(v(S))— Y (p¥-bY)-In(v(S))
Si%lgl, Si%llgj’

= O;(N,In(v)) due to (1.13).

O

As a counterpart to the well-known additive Shapley value, Nowak and
Radzik [59] introduced the Solidarity value (of the form (1.14)) by replacing
the marginal contribution of a single player by the average of marginal con-
tributions of members of any coalition. Now we introduce the multiplicative
Solidarity value as follows:

P
t
Sol{ (N, v) ( ) for all (N,v) € G+, allie N.
ST
i€

(5.19)
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In the setting of the MEMS values, the multiplicative Solidarity value is ob-
tained by by = 1 and by = 1/(s+1) forall 1 < s < n—1. So we have
Bn = an_1/n and yn = an_1. By Lemma 5.2, it holds 7, = tn, = 1/n,
and so by Theorem 5.1, this value is fully characterized by multiplicative ef-
ficiency and preservation of generalized ratios of the following form: for all
(N,v) € G and every pair i,j € N, 1 #j,

(d)i(N,V))“ T eenygy $i(NAKL V)

di(Nv) ) Tleeng) @5 (N\kE V)

In words, the rather appealing preservation of generalized ratios for the Sol-
idarity value requires that the n-th power of the ratio of the player’s payoffs
according to the Solidarity value in the initial n-person game equals the ratio
of the product of player’s payoffs in all (n — 1)-person subgames. Recall the
preservation of ratios for the multiplicative Shapley value which ignores the
n-th power as well as takes into account only the (n — 1)-person subgame by
deleting the pairwise partner (that is, 1, =1 and t, =0).

For the ELS values we obtain a similar result: The ELS value ® on Gy
satisfies an analogous balanced contribution property, we call it the additive
preservation of generalized differences.

Corollary 5.1. Any value ® on G which has a generalized additive potential
representation of the form (2.3) with respect to three sequences & = (& )keN,
B = (Bx)kenN, and v = (vk)xeN of real numbers, satisfies the following gener-
alized additive balanced contributions property (also known as preservation of gen-
eralized differences): for all (N,v) € G and every pair {i,j}, 1 # j, of players

O (N,v) =t - @ (N\[L,v) —tn - D @i(N\[k},v)
keN\{i,j}

= Oj(Nv) =t Qj(N\fihv) —tn- D @j(N\{k}v),
keN\{i,j}

where T, and ty, are defined by (5.14).

5.3 THE SHAPLEY VALUE IN THE MULTIPLICATIVE MODEL

Remind the multiplicative Shapley value of the form (5.6) introduced by Ort-
mann [63]. We now give in the following a complementary characterization
by using the dummy player property in the multiplicative model.
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Definition 5.4. A value ¢ on G satisfies the multiplicative dummy player prop-
erty, if g1 (v) = v({i}) for any multiplicative dummy player i € N. Here player i is
called a multiplicative dummy player if v(S U{i}) = v(S) - v({i}) forany S € N\ {i}.

Based on the unanimity game of the form (1.8) in the classical game space,
we define the following basis: A basis of the game space G, is supplied by
a collection of games {(N,uf) | T € 2N\ {(}}, that are defined by

4 e IfTCS,
Ut (S) = (5.20)
1 fTZS.

Theorem 5.8. For any v € G, it holds

V= H (c#)lnu? with ¢ = H v(R)EDT
T RCT

Proof. 1t is sufficient to show Inv = Y rIncf -Inuf. Clearly Incf =

> ret(=1)" " Inv(R) and

1 fTCS,
Inuf = -

0 ifTZS.

Forany S C N,

Z Incf - Inuf(S) = Z Inct = Z Z (=) " Inv(R)

TCN TCS TCS RCT
=> > ()" "Inv(R)
RCS TCs,
Cs 1S
S
= (S _t> (—1)* " Inv(R)
t—r
RCS t=r
=) (1= TInv(R) =Inv(s).
RCS

With the help of the basis of the multiplicative game space ™ we can
proof the following result:
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Theorem 5.9. The multiplicative Shapley value of the form (5.6) on G* is the
unique value satisfying multiplicative efficiency, multiplicativity, symmetry and the
multiplicative dummy player property (cf. Definition 5.4).

Proof. Clearly the multiplicative Shapley value satisfies these four properties.
Here we prove the uniqueness. Suppose value ¢ also satisfies these four
properties. Fix T C N. Since for any player i ¢ T, uF (SU{i}) = uF (S) - uf ({i})
holds for all S € N\ {i}, i is a multiplicative dummy player in (N,uf). By
the multiplicative dummy player property,

di(N,uf) =1 foralligT.
By the efficiency, e = u}r(N) = I Tien d)i(N,uT [TicT ¢i(N uT) Since
for any i,j € T, uf (SU{i}) = uF (SU{j}) holds for all S € N\ {i,j}, then all
players in T are symmetric players. By symmetry

(N, uf) = et forallieT.

Based on the multiplicativity, for any i € N,

i(N.v) = s (NH(e#)“‘“*) =TT en ™ = T (b,
y

Hence
l 1
diNv) =TT (D =T TTv® e
TCN, TCN, RCT
T>1 Toi
:HH\) tfr%.H H\)R\{‘L} ‘ET‘JHIT
RCN, TCN, RCN, TCN,
R3i T2OR R3i TDOR
I H< v(R) )“)Hl
aon, ten, WIRA{L)
R3i TDR
11 ( v(R) )Z?T(’:_:J-m“l
L GRTE)

R31i

_ VR \PT
=11 (v(R\{i})) =shi(Nv)

RCN,
Roi
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The second last equality above uses the combinatorial result:

n
=\ 1 gy i Dty
B e N
é(t—r) t (=1 oy prq foralllT<r<n

(5.21)
Clearly (5.21) holds when n = 1. Suppose (5.21) holds for n < k—1 with
k > 2, and consider the case n = k:

k-1 T =Ly . e 1
tzr(t_r)t'(‘”t — (:7) g ooy
hEL . N e e 1
_t_r( t—r )t( 1) +(=1) X
Ly g - k—r—1 1 .
X () - ) e

By the induction hypothesis, the equality above is equivalent to

k—1

1 k—r k—r—1 1
k—1 _1\k—1_ 1 2 _ (1)t
t=r
k—1
1 k—r—1)\ 1
_k—1 _1\k—1r 1 § L (_1\t—T
P T (21 P (tr1> iy
t=r+1

o+ =

N o X k—(r4 1)
_ k-1 _1\k—r_ 1 .
=Proq T 1) k Z (t—(r—H))

t=r+1

Using again the induction hypothesis, we can rewrite the equation above as

k
Hence
£ ok—r\ 1 K
2 (t—r) T =R
t=r
This completes the proof of (5.21). O

Recalling the multiplicative Shapley value of the form (5.6), we can derive
the following relation:

. (_])tf(rJr]) + (_] )k*(TnL]) L
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Theorem 5.10. For any gamev € G, the multiplicative Shapley value satisfies the
recursive formula

JeN\{1}

Proof. According to (5.6),

p;l:]]
I seeoiiv= 11 11 ( S\{1}>

JENA{i} JEN\{i} SCN\m

=11 11 ( S\{l})>p?£

SCN JEN\S
5

B v(S) (H*S)'P?:ﬂ
=11 (v(S\{i})> '

SGN
S3i

Hence

v(N) v " ( v(s) )P?—l_ .
VNN ]EH{l}Sh (AL V)] H VSN0 She (Nv)

O

For any game (N,v) on the classical game space G, remind its dual game
(N, v*) is defined by

v¥(S) =v(N)—v(N\S) forall S C N.

We generalize this concept into the multiplicative game space §*: For any
game (N,v) on G, its multiplicative dual game (N,v*) is defined by

forall S C N.

This definition leads to the following relation:

Theorem 5.11. For any game v and its multiplicative dual game v* on G, it holds
Shif (N, v) = Shi"(N,v*) forany i € N.
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Proof. According to (5.6), for any i € N

o vi(S) \Ps1 V((N\S) U{i)) ) Pe
SN = 1 (v*(S\{i})) _H( VN\S) ) |

SCN, SCN,
NE Soi

Let T = (N\S) U{i}, then

5.4 THE LEAST SQUARE VALUE IN THE MULTIPLICATIVE MODEL

Remind the Least Square value in the classical game space (see Section 1.3.4).
In this section we generalize this concept to the multiplicative game space
G*. For any payoff vector x and any nonempty coalition S, the multiplicative
excess of S on x is defined by

(S)

€+(S,X) = o\

x(S)

<

where x(S) = [ [;cs xi. The average multiplicative excess at x is given by

1/(27 1)
et (v,x) = [H eﬂS,x)] .

SCN

Note that, the average excess is the same for any multiplicative efficient pay-
off vector, since

[Tersx=1] v(S) [Iscnv(S)

SCN SCN x(S) [Tsen TTiesxi
_ [Iscnv(S) _ [Isenv(S)
(ITien Xi)zgzl Chh (V(N))Z?:1 i

Consider a weight function m(s) with m(s) > 0 for any S C N and m(s) >
0 for some S # N. We restrict m(s) to be symmetric, hence it can be regarded
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as the probability that a coalition with s players can form. For each weight
function m we consider the following problem:

2
. et (S,x)\ ™)
min {ln (51;[\1 <é+(le)> )] p
s.t. H xi = v(N).

ieN

(5.22)

Note that Inx is just the least square value in the classical case for game
(N,Inv). Next we will derive the solution for the above problem mathemati-
cally.

Theorem 5.12. For any weight function m and any game v on G, there exists a
unique solution x for (5.22) and it is given by,

xi = N [T s ™ =TT w(s) ™%, (5.23)

forall i € N, where o = 22;1] m(s)Cfsz.

Proof. The Lagrangian of (5.22) is

2
+ m(s)
L(x,A) = [m (SHN (‘;((i:;) )] +A (] e —v(N)).
C

Then for any i € N it holds

AL(x,A)
0= axi
=-2 Z m(s) (In (v(S)) — Zln (xj) —In (é*(v,x))) . ]— +A H Xj.
SCN jes e JEN\{i}

RET

(5.24)
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Let x; # 0 for all i € N. Using the constraint in (5.22) we can write (5.24) as
follows: for alli € N,

V(N - % =Y m(s) |[Inm($) —In (e (v,x) = 3 In(x;)

= jes
- S;N m(s)In (v(S)) — S;N m(s)In (e (v,x)) (5.25)
— Z m(s)Cf’:J1 ‘In(x4) — Z 111(3)Cf‘1:22 : Z In (x5).
s=1 s=2 FJEN\{1}

Since the constraint in (5.22) is equivalent to

> In(x) =In(v(N))—In(x;) forallie N, (5.26)
JEN\{i}

then (5.25) can be rewritten as:

v(N) - % =— g} m(s)In (e*(v,x)) — ; Cs5m(s)In (v(N))
+ ) ms)In(v($) — | Y_Ciimls)— i Csim(s)| -In(xq)
SCN s=1 s=2
- (5.27)
We use the identity
Z m(s)Cf;]1 - i m(s)Cf;zz = ¥ m(s)CfLﬂz = 0.
s=1 s=2 s=1

Taking the summation over all i € N in (5.27), we have

> v(N)-

ieN

=v(N) - n77\

N >

=—n Z m(s)In (e* (v,x)) —nZ Cf;zzm(s)ln (v(N))
s=2

+3 Y ms)nm(S)—o- Y In(x).
LEN SN ieN

(5.28)
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Using again (5.26), we can simplify (5.28) as follows:

v(N) % =— ) m(s)in(e"(v,x))— > Ci3m(s)In(v(N))
SCN s=2
s-m(s) o (529
+ ) In (v($)) = — - In (v(N))

To eliminate A, we take the difference of (5.27) and (5.29), then

o-In(x) =Y ms)n(v(s) — Y S":(S) In (V(S))+%1n (v(N))

SCN, SCN
$51 =
1 1
= (v(N)) + — > (n=s)-m(s)In(v(S))— = Y s-m(s)In(v(S)),
n n n
SCN SCN
S5 S
which is equivalent to (5.23). O

In the multiplicative model, instead of the additive game (see Definition
1.5), we consider a so-called multipliable game. A game (N,v) on G* is a
multipliable game if

v(S) =] ]v({i}) forallSCN.
iesS

A value ¢ on GV is said to satisfy the multipliable game property if ¢;(N,v) =
v({i}) for all 1 € N, and for all multipliable games (N, v).

Theorem 5.13. The Least Square value of the form (5.23) is the unique value on
Gy, satisfying multiplicative efficiency, multiplicativity, multiplicative symmetry,
multipliable game property and the coalitional monotonicity (see subsection 1.3.1).

Proof. Clearly the value of the form (5.23) satisfies these properties. Suppose
there is another value J on Gy also satisfying these properties, then it be-
longs to the class of MEMS values, which has the form (5.4) for some by,
T1<s<n—1.

Remind the zero-one game u}r (cf. (5.20)). Fix i € N and let T = {i}, then
by (5.4), for multipliable game w7, it holds

n—1
e =ufy (i) =viNaf) = ] ew { > Choa bl -p;‘},

SCN\{i} s=0
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hence
n— n
1=) Chq-blg-pe=) Ch-blpiy,
s=1
then after cancellation we have
n
D by=1. (5.30)
s=1

Now notice that formula (5.23) matches with (5.4) if we define the
weighted function m as follows:

m(s) =p™7] bl forall 1 <s<m,

and if for this weighted function it holds o = 1. From coalitional monotonic-
ity, it easily follows that it must be by > 0, so that m(s) > 0 for all S C N,
and by (5.30), m(s) > 0 for some S # N. The only thing left to check is o = 1.
Note that by =1, then

o

n—1 1 n—1

1 1 1
>m Ciz—Zv“ PG = D b =T
s=1 s=1

5.5 CONCLUSION

For the strictly positive cooperative TU games in the multiplicative model,
we characterized a class of values satisfying multiplicative efficiency, mul-
tiplicativity and symmetry. The multiplicative efficiency and multiplicativ-
ity respectively, replace the additive efficiency and linearity which are com-
monly used in the additive model. This multiplicative approach follows the
idea of Ortmann [63], and can hence also be applied to insurance prob-
lems, banking problems, economics and medical science, as mentioned in
Ortmann’s paper. Inspired by the potential approach to the Shapley value
in the additive case by Hart and Mas-Colell [31], we defined a generalized
multiplicative potential, which can be used to characterize the MEMS value.
Besides, this potential is useful to derive the preservation of ratios property
for the MEMS value. This property is also called the generalized balanced
contribution property, since it is a modified version of the balanced contri-
bution property that was used by Myerson [52] to characterize the additive
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Shapley value. Furthermore, the differences between the additive model and
the multiplicative model are discussed. In general, there exists a correspon-
dence between the MEMS value (in the multiplicative model) and the ELS
value (in the additive model).

We characterized the multiplicative Shapley value defined by Ortmann
[63], by means of the multiplicative efficiency, multiplicativity, symmetry and
the multiplicative dummy player property. Moreover a recursive formula for
the multiplicative Shapley value is given, and we proved that the multiplica-
tive Shapley value in the dual game equals that in the original game.

The concept of excess is generalized to the multiplicative game space. So
we are able to also define the Least Square value in the new game space.



CONCLUSIONS

In cooperative games, involved players are supposed to achieve their maxi-
mal total profit only when all of them cooperate. Then how to fairly divide
the total profit among all involved players becomes the main problem in co-
operative game theory. In the thesis, the Shapley value as well as several of
its extensions of cooperative games were discussed.

In Chapter 2, we studied the class of values satisfying efficiency, linearity
and symmetry (ELS value) on the classical game space (where the worth of
a coalition depends solely on the set of its members). Three different kinds
of characterizations were given for the ELS value. Firstly, we proved that the
ELS value is the unique value on the classical game space that admits a mod-
ified potential representation when two simple conditions are satisfied (cf.
Section 2.1). Secondly, an axiomatization for the ELS value was given using
Sobolev consistency together with A-standardness on two-person games (cf.
Section 2.2). Thirdly, we axiomatized the ELS value by efficiency, symmetry
and a modified strong monotonicity (cf. Section 2.3).

The generalized game model (where the worth of a coalition depends not
only on its members as in the classical game, but also on the order of players
entering into the game) is discussed in Chapter 3. We axiomatized the gen-
eralized Shapley value by using two different groups of properties. The first
contains Evans’ consistency and standardness on two-person games (cf. Sec-
tion 3.2), and the second group contains associated consistency, continuity
and the inessential game property (cf. Section 3.3).

All characterizations in Chapter 4 are also based on generalized game
model. We defined a so-called position-weighted value and proved that it
satisfies efficiency, null player property and a modified symmetry. We pro-
posed a candidate for the position-weighted value, using Evans’ consistency
(with respect to a different procedure compared with the one used for the
generalized Shapley value) and standardness on two-person games (cf. Sec-
tion 4.1). Moreover, the generalized ELS value (cf. Section 4.2), Core and
Weber Set (cf. Section 4.3) were proposed in this game space.

In Chapter 5, the multiplicative game model (where the payoffs to play-
ers are treated in a multiplicative way, instead of the usual additive way) is
discussed. We defined the MEMS value as the unique value satisfying mul-
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tiplicative efficiency, multiplicativity and symmetry. The corresponding po-
tential representation as well as the so-called multiplicative preservation of
generalized ratios property were given for the MEMS value (cf. Section 5.2).
In addition, we also discussed the multiplicative Shapley value (cf. Section
5.3) and the multiplicative Least Square value (cf. Section 5.4).

Concerning the generalized game model, we already proved that the
weighted-position value of the form (4.3) satisfies efficiency, linearity, null
player property and strong symmetry. However, it is unclear whether we
can prove the weighted-position value is the unique value satisfying these
properties. One possibility is to seek for new necessary properties in the ax-
iomatization. For instance, one may refer to the axiomatization for the gener-
alized weighted Shapley value [5] (which is also asymmetric) and search for
possible ways to axiomatize the weighted-position value on the generalized
game space. Another possibility is to use a group of properties to pick up
one or several “good” candidates (i.e., to choose suitable weights), as what
we did in Section 4.1.3.



BIBLIOGRAPHY

[1] http://en.wikipedia.org/wiki/Game_theory, .
[2] http://en.wikipedia.org/wiki/Shapley_value, .

[3] RJ. Aumann. Linearity of unrestrictedly transferable utilities. Naval
Research Logistics Quarterly, 7:281—-284, 1960.

[4] R]J. Aumann and M. Maschler. The bargaining set for cooperative
games. In M. Shubik, editor, Essays in Mathematical Economics. Prince-
ton University Press, Princeton, New Jersey, 1964.

[5] G. Bergantinos and E. Sanchez. Weighted Shapley values for games in
generalized characteristic function form. Top, 9:55-67, 2001.

[6] O.N. Bondareva. Some applications of linear programming methods to
the theory of cooperative games (In Russian). Problemy Kybernetiki, 10:

119-139, 1963.

[7] R. Branzei, D. Dimitrov, and S. Tijs. Models in cooperative game theory.
Springer-Verlag, 2 edition, 2008.

[8] M. Brockman and T. Wright. Statistical motor rating: making effective
use of your data. Journal of the Institute of Actuaries, 119:457-543, 1992.

[9] E. Calvo and ].C. Santos. Potentials in cooperative TU-games. Mathe-
matical Social Sciences, 34(2):175 — 190, 1997.

[10] M. Davis and M. Maschler. The kernel of a cooperative game. Naval
Research Logistics Quarterly, 12:223-259, 1965.

[11] J.J.M. Derks. A short proof of the inclusion of the core in the weber set.
International Journal of Game Theory, 21:149-150, 1992.

[12] T.S.H. Driessen. Cooperative Games, Solutions and Applications. Kluwer
Academic Publishers, The Netherlands, 1988.

[13] T.S.H. Driessen. A survey of consistency properties in cooperative game
theory. SIAM Review, 33(1):pp- 43-59, 1991.

131


http://en.wikipedia.org/wiki/Game_theory
http://en.wikipedia.org/wiki/Shapley_value

132

BIBLIOGRAPHY

[14] T.S.H. Driessen. Consistency and potentials in cooperative TU-games:
Sobolev’s reduced game revived. In P. Borm and H. Peters, editors,
Chapters in Game Theory, volume 31 of Theory and Decision Library C:,
pages 99—120. Springer US, 2004.

[15] T.S.H. Driessen. Associated consistency and values for TU games. Inter-
national Journal of Game Theory, 39:467—482, 2010.

[16] T.S.H. Driessen and Y. Funaki. Coincidence of and collinearity between
game theoretic solutions. OR Spektrum, 13(1):15-30, 1991.

[17] T.S.H. Driessen and T. Radzik. A weighted pseudo-potential approach
to values for TU-games. International Transactions in Operational Research,
9:303—320, 2002.

[18] T.S.H. Driessen and T. Radzik. Extensions of Hart and Mas-Colell’s con-
sistency to efficient, linear and symmetric values for TU games. In ICM
Millennium Lectures on Games, pages 147-165. Springer-Verlag, 2003.

[19] P. Dubey, A. Neyman, and R.]. Weber. Value theory without efficiency.
Mathematics of operations research, 6:122-128, 1981.

[20] R.A. Evans. Value, consistency, and random coalition formation. Games
and Economic Behavior, 12(1):68 — 80, 1996.

[21] U. Faigle and W. Kern. On some approximately balanced combinatorial
cooperative games. Mathematical Methods of Operations Research, 38(2):

141-152, 1993.

[22] Y. Feng and T.S.H. Driessen. A potential approach to efficient, multi-
plicative and symmetric values for TU games. In Proceedings of the 11th
Cologne-Twente Workshop on Graphs and Combinatorial Optimization (CTW
2012). Univ. der Bundeswehr Miinchen, May 29-31, 2012, Munich, Ger-
many, 2012.

[23] Y. Feng, T.S.H. Driessen, and G.J. Still. Consistency to the values for
games in generalized characteristic function form. In Nikolay A. Zenke-
vich. Leon A. Petrosjan, editor, Contributions to Game Theory and Manage-
ment vol. VI (GTMz2o012). Graduate School of Management SPbU, 2013.

[24] Y. Feng, T.S.H. Driessen, and G J. Still. A matrix approach to associated
consistency of the Shapley value for games in generalized characteristic
function form. Linear Algebra and its Applications, 438(11):4279 — 4295,
2013.



BIBLIOGRATPHY

[25] G. Hamiache. Associated consistency and Shapley value. International
Journal of Game Theory, 30:279—289, 2001.

[26] G. Hamiache. A matrix approach to the associated consistency with an
application to the Shapley value. International Game Theory Review, 12
(02):175-187, 2010.

[27] G. Hamiache. A matrix approach to TU games with coalition and com-
munication structures. Social Choice and Welfare, 38:85-100, 2012.

[28] J.C. Harsanyi. A bargaining model for the cooperative n-person game.
Annals of Mathematics Study, 40:325-355, 1959.

[29] J.C. Harsanyi. A simplified bargaining model for the n-person game.
International Economic Review, 4:194—220, 1963.

[30] S. Hart. Shapley value. In J. Eatwell, M. Milgate, and P. Newman,
editors, The New Palgrave: A Dictionary of Economics, volume 4, pages
318-320. Macmillan Press, 1987.

[31] S. Hart and A. Mas-Colell. Potential, value, and consistency. Economet-
rica, 57(3):589-614, 1989.

[32] S. Hart and A. Mas-Colell. Bargaining and value. Econometrica, 64(2):
357 — 380, 1996.

[33] T. Ichiishi. Super-modularity: Applications to convex games and to the
greedy algorithm for LP. Journal of Economic Theory, 25(2):283 — 286,
1981.

[34] R. Joosten. Dynamics, Equilibria, and Values (Ph.D. Thesis). Maastricht
University, The Netherlands, 1996.

[35] R. Joosten, H. Peters, and F. Thuijsman. Linear-potential values and
extending the “Shapley family”. Working paper, 2013.

[36] Y. Ju, PEM. Borm, and PH.M. Ruys. The consensus value: a new so-
lution concept for cooperative games. Social Choice and Welfare, 28:685 —
703, 2007.

[37] E.Kalai and D. Samet. On weighted Shapley values. International Journal
of Game Theory, 16:205-222, 1987.

[38] W. Kern and X. Qiu. Note on non-uniform bin packing games. Discrete
Applied Mathematics, 2012. doi: 10.1016/j.dam.2012.08.002.

133



134

BIBLIOGRAPHY

[39] A.B. Khmelnitskaya and T.S.H. Driessen. Semiproportional values for
TU games. Mathematical Methods of Operations Research, 57:495-511, 2003.

[40] M. Land and O. Gefeller. A multiplicative variant of the Shapley for
factorizing the risk of disease. In F. Patrone, ].G. Jurado, and S. Tijs,
editors, Game practice: contributions from applied game theory, pages 143—
158. Kluwer, Berlin, 2000.

[41] D.C. Lay. Linear algebra and its applications. Addison Wesley Publishers,
New York, 3 edition, 2003.

[42] S.C. Littlechild. A simple expression for the nucleolus in a special case.
International Journal of Game Theory, 3:21—29, 1974.

[43] S.C. Littlechild and G. Owen. A simple expression for the Shapley value
in a special case. Management Science, 20:370-372, 1973.

[44] W.E. Lucas. The proof that a game may not have a solution. Transactions
of the American Mathematical Society, 136:219-229, 1969.

[45] M. Malawski. “Procedural” values for cooperative games. International
Journal of Game Theory, 42(1):305-324, 2013.

[46] M. Maschler. Von Neumann-Morgenstern stable sets. In R.J. Aumann
and S. Hart, editors, Handbook of Game Theory with Economic Applications,
volume 1, pages 543-590. Elsevier Science Publishers, Amsterdam, 1992.

[47] M. Maschler. The bargaining set, kernel, and nucleolus. In R.J. Aumann
and S. Hart, editors, Handbook of Game Theory with Economic Applications,
volume 1, pages 591-667. Elsevier Science Publishers, Amsterdam, 1992.

[48] D. Monderer and D. Samet. Variations on the Shapley value. In R. Au-
mann and S. Hart, editors, Handbook of Game Theory with Economic Appli-
cations, volume 3, pages 2055 — 2076. Elsevier, 2002.

[49] S. Moretti and F. Patrone. Transversality of the Shapley value. TOP, 16:
141, 2008.

[50] H. Moulin. The separability axiom and equal-sharing methods. Journal
of Economic Theory, 36(1):120 — 148, 1985.

[51] R.B. Myerson. Graphs and cooperation in games. Mathematics of Opera-
tions Research, 2:225-229, 1977.



BIBLIOGRATPHY

[52] R.B. Myerson. Conference structures and fair allocation rules. Interna-
tional Journal of Game Theory, 9:169-182, 1980.

[53] J.E. Nash. Equilibrium points in n-person games. Proceedings of the
National Academy of Sciences, 36:48—49, 1950.

[54] J.E. Nash. The bargaining problem. Econometrica, 18:155-162, 1950.

[55] J.E. Nash. Two person cooperative games. Econometrica, 21:128-140,
1953.

[56] C.C. Nembua. Linear efficient and symmetric values for TU-games:
Sharing the joint gain of cooperation. Games and Economic Behavior, 74

(1):431 — 433, 2012.

[57] C.C. Nembua and N.G. Andjiga. Linear, efficient and symmetric values
for TU-games. Economics Bulletin, 3(71):1 — 10, 2008.

[58] A.S. Nowak and T. Radzik. The Shapley value for n-person games in
generalized characteristic function form. Games and Economic Behavior,
6:150-161, 1994.

[59] A.S. Nowak and T. Radzik. A solidarity value for n-person transferable
utility games. International Journal of Game Theory, 23:43—48, 1994.

[60] B. O’Neill. A problem of rights arbitration from the talmud. Mathemati-
cal Social Sciences, 2:345-371, 1982.

[61] KM. Ortmann. Conservation of energy in value theory. Mathematical
methods of operations research, 47:423 — 450, 1998.

[62] KM. Ortmann. The proportional value for positive cooperative games.
Mathematical Methods of Operations Research, 51:235-248, 2000.

[63] KM. Ortmann. A cooperative value in a multiplicative model. Central
European Journal of Operations Research, pages 1-23, 2012. doi: 10.1007/
$10100-012-0247-6.

[64] G. Owen. Values of games with a priori unions. In R. Henn and
O. Moeschlin, editors, Mathematical economics and game theory: Essays in
honor of Oskar Morgenstern, volume 141, pages 76-88. Springer, 1977.

[65] G. Owen. The assignment game : The reduced game. Annales d’Economie
et de Statistique, (25-26):71—79, 1992.

135



136

BIBLIOGRAPHY

[66] B. Peleg and P. Sudholter. Introduction to the theory of cooperative games.
Kluwer Academic publishers, 2003.

[67] H. Peters. Game Theory, a mlti-leveled approach. Springer-Verlag, 2008.

[68] L.M. Ruiz, E Valenciano, and ].M. Zarzuelo. The least square prenucle-
olus and the least square nucleolus: Two values for TU games based on
the excess vector. International Journal of Game Theory, 25:113—134, 1996.

[69] L.M. Ruiz, F. Valenciano, and J.M. Zarzuelo. The family of least square
values for transferable utility games. Games and Economic Behavior, 24:
109 — 130, 1998.

[70] E. Sanchez and G. Bergantinos. On values for generalized characteristic
functions. OR Spektrum, 19:229-234, 1997.

[71] E. Sanchez and G. Bergantinos. Coalitional values and generalized char-
acteristic functions. Mathematical Methods of Operations Research, 49:413—

433, 1999.

[72] D. Schmeidler. The nucleolus of a characteristic function game. SIAM
Journal of Applied Mathematics, 17:1163-1170, 1969.

[73] R. Serrano. Fifty years of the Nash Program, 1953-2003. Investigaciones
Economicas, 29(2):219—258, May 2005.

[74] LS. Shapley. A value for n-person games. In HW. Kuhn and A.W.
Tucker, editors, Contributions to the Theory of Games, Volume 11, volume 28
of Annals of Mathematics Studies, pages 307—317, Princeton, 1953. Prince-
ton University Press.

[75] L.S. Shapley. Additive and Non-additive Set Functions (Ph.D. Thesis). De-
partment of Mathematics, Princeton University, 1953.

[76] L.S. Shapley. On balanced sets and cores. Naval Research Logistics Quar-
terly, 14:453-460, 1967.

[77] L.S. Shapley. Cores of convex games. International Journal of Game Theory,
1:11-26, 1971.

[78] L.S. Shapley and M. Shubik. The assignment game I: The core. Interna-
tional Journal of Game Theory, 2:111-130, 1972.

[79] A.L Sobolev. The functional equations that give the payoffs of the play-
ers in an n-person game (in Russian). In E. Vilkas, editor, Advances in
Game Theory, pages 151-153. Izdat, "Mintis", Vilnius, 1973.



BIBLIOGRATPHY

[8o] H. Sun. Contributions to set game theory (Ph.D. Thesis). University of
Twente, The Netherlands, 2003.

[81] W. Thomson. Consistent allocation rules. University of Rochester - Center
for Economic Research (RCER), RCER Working Papers, (418), 1996.

[82] S.H. Tijs. Bounds for the core and the t-value. In O. Moeschlin and
D. Pallaschke, editors, Game theory and Mathematical Economics, pages
123-132. North-Holland Publishing Company, Amsterdam, 1981.

[83] R. van den Brink. Null or nullifying players: The difference between the
Shapley value and equal division solutions. Journal of Economic Theory,

136(1):767 — 775, 2007

[84] R. van den Brink and Y. Funaki. Axiomatizations of a class of equal
surplus sharing solutions for TU-games. Theory and Decision, 67(3):303—

340, 2009.

[85] R. van den Brink, Y. Funaki, and Y. Ju. Consistency, monotonicity and
implementation of egalitarian Shapley values. Tinbergen Institute Dis-
cussing Paper 07-062/1, 2007.

[86] R. van den Brink, Y. Funaki, and Y. Ju. Reconciling marginalism with
egalitarianism: consistency, monotonicity, and implementation of egali-
tarian Shapley values. Social Choice and Welfare, 40(3):693—714, 2013.

[87] J. von Neumann. Zur theorie der gesellschaftsspiele. Mathematische
Annalen, 100:295-320, 1928.

[88] J. von Neumann. On the theory of games of strategy. In A.W. Tucker
and R.D. Luce, editors, Contributions to the Theory of Games, 4, pages

13-42. 1959.

[89] J. von Neumann and O. Morgenstern. Theory of Games and Economic
Behavior. Princeton University Press, 1944.

[90] R.J. Weber. Probabilistic values fro games. In A.E. Roth, editor, The
Shapley value, Essays in honor of L.S. Shapley, pages 101—-119. Cambridge
University Press, Cambridge, 1988.

[91] E. Winter. The Shapley value. In R.J. Aumann and S. Hart, editors,
Handbook of Game Theory with Economic Applications, volume 3, pages
2025-2054. Elsevier Science Publishers, Amsterdam, 2002.

137



138

BIBLIOGRAPHY

[92] G.Xu. Matrix approach to cooperative game theory (Ph.D. Thesis). University
of Twente, The Netherlands, 2008.

[93] G. Xu, T.S.H. Driessen, and H. Sun. Matrix analysis for associated con-
sistency in cooperative game theory. Linear Algebra and its Applications,
428:1571-1586, 2008.

[94] G. Xu, T.S.H. Driessen, and H. Sun. Matrix approach to dual similar
associated consistency for the Shapley value. Linear Algebra and its Ap-
plications, 430(11-12):2896 — 2897, 2009.

[95] G. Xu, T.S.H. Driessen, H. Sun, and J. Su. Consistency for the additive
efficient normalization of semivalues. European Journal of Operational
Research, 224(3):566 — 571, 2013.

[96] E. Yanovskaya and T.S.H. Driessen. Note on linear consistency of anony-
mous values for TU-games. International Journal of Game Theory, 30:601—
609, 2002.

[97] H.P. Young. Monotonic solutions of cooperative games. International
Journal of Game Theory, 14:65-72, 1985.



INDEX

x-egalitarian Shapley value, 17

A-standard for two-person game,

36
T-value, 8

additivity, 9

airport game, 4
anonymity, 9

assignment game, 7
associated consistency, 55

balanced contribution, 112
bankruptcy game, 3
bargaining set, 8

coalition, 3
grand coalition, 3
coalitional monotonicity, 10
consensus value, 17
consistency, 10, 30
Evans’ consistency, 48
Sobolev consistency, 34
continuity, 9, 55
cooperative game, 3
core, 6, 101
covariance, 9

Diagonalization Theorem, 57
dividend, 11

dual game, 16, 122

dummy player, 9, 119

dummy player property, 9, 119

efficient, 6, 46
ELS value, 14, 26

equal surplus solution, 16
excess, 13
extension, 45

game, 5
additive, 5
convex, 4, 103
inessential, 5
monotone, 4
multipliable game, 126
strategically equivalent, 5
superadditive, 4
weakly superadditive, 4
zero-normalized, 5

game space, 3

game theory, 1

generalized game, 45

glove game, 3

imputation set, 6
individual rationality, 6, 9
inessential game property, 9

kernel, 8

least square prenucleolus, 13
least square value, 14
linear-potential value, 25
linearity, 9

marginal contribution, 4
modified gradient, 22, 99
monotonicity, 10

multipliable game property, 126
multiplicative dual game, 122

139



140

BIBLIOGRAPHY

multiplicative efficient, 106
multiplicative excess, 123
multiplicative gradient, 110
multiplicative potential, 110
multiplicativity, 107

nucleolus, 8
null player, 9
null player property, 9, 46

ordered coalition, 44

Pareto optimal, 6
payoff, 6

feasible payoff vector, 6
player, 3
potential, 11, 20, 22, 99
predecessor, 46
preimputation set, 6
prekernel, 8
prenucleolus, 8

random order value, 12
Rank Theorem, 57
reduced game, 10, 30
restriction, 46
row-inessential, 57, 65

separable, 31
separation theorem, 102
Shapley value, 8, 10, 28
Solidarity value, 15, 28
solution, 6
set-valued solution, 7
single-valued solution, 8
stable set, 8

standard for two-person game, 36,

47, 49
strong monotonicity, 10, 40

strongly symmetry, 87
subgame, 3

successor, 46
symmetry, 9, 46

TU game, 3

unanimity game, 11, 38

unity game, 15
value, 8

Weber Set, 13, 102



	Abstract
	Synopsis of main results of this thesis
	Acknowledgments
	List of Symbols
	1 Introduction
	1.1 Game theoretical approach
	1.2 Cooperative games
	1.3 Solution of games
	1.3.1 Properties of solutions
	1.3.2 The Shapley value
	1.3.3 The Weber Set
	1.3.4 The Least Square value
	1.3.5 The ELS value

	1.4 Outline of the thesis

	2 ELS value in the classical model
	2.1 Modified potential representation
	2.1.1 Motivation
	2.1.2 Potential and the modified gradient
	2.1.3 Modified potential representation for the ELS value

	2.2 Consistency and the ELS value
	2.2.1 Motivation
	2.2.2 Modified reduced game with respect to the ELS value
	2.2.3 Axiomatization to the ELS value by consistency

	2.3 B-strong monotonicity and the ELS value
	2.3.1 New basis associated with the ELS value
	2.3.2 B-strong monotonicity and axiomatization to the ELS value

	2.4 Conclusion

	3 Shapley value in the generalized model
	3.1 Introduction to the generalized model
	3.2 Evans' consistency and the generalized Shapley value
	3.2.1 Motivation
	3.2.2 Generalization of Evans' procedure

	3.3 Matrix approach to the generalized Shapley value
	3.3.1 Motivation
	3.3.2 Matrix representation
	3.3.3 Diagonalization property of the matrix
	3.3.4 Axiomatization to the generalized Shapley value

	3.4 Conclusion

	4 Other values in the generalized model
	4.1 A new value in the generalized model
	4.1.1 Introduction to the new value
	4.1.2 Properties of the new value
	4.1.3 Evans' consistency and the new value

	4.2 Generalized ELS value
	4.3 Generalized Core and Weber Set
	4.4 Conclusion

	5 Values in the multiplicative model
	5.1 Introduction to the multiplicative model
	5.2 The MEMS value
	5.2.1 Potential characterization of the MEMS value
	5.2.2 Multiplicative preservation of generalized ratios
	5.2.3 Comparison with the additive model

	5.3 The Shapley value in the multiplicative model
	5.4 The Least square value in the multiplicative model
	5.5 Conclusion

	6 Conclusions
	Bibliography
	index

